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GENERALIZED SEMI-INVARIANT DISTRIBUTIONS ON p-ADIC 

SPACES 


JIUZU HONG AND BINYONG SUN 


Abstract. In this paper we investigate some methods on calculating the spaces 
of generalized semi-invariant distributions on p-adic spaces. Using homologi¬ 
cal methods, we give a criterion of automatic extension of (generalized) semi¬ 
invariant distributions. Based on the meromorphic continuations of Igusa zeta 
integrals, we give another criteria with purely algebraic geometric conditions, on 
the extension of generalized semi-invariant distributions. 
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1. Introduction 

Following Bernstein-Zelevinsky (EZI, we dehne an -Gspace to be a topological 
space which is Hausdorff, locally compact, totally disconnected and secondly count¬ 
able. An fhgroup is a topological group whose underlying topological space is an 
£-space. Let G be an £-group acting continuously on an Gspace X. We may ask a 
general question about how to describe all semi-invariant distributions on X with 
respect to the action of G, that is, to determine the space 

(1) D(A)*:=Hom G (<S(A), X ) 

for a fixed character x '■ G —> C x (all characters of ^-groups are assumed to be 
locally constant in this paper). Here S(X) denotes the space of Br uh at,-Schwartz 
functions on X , namely, the space of compactly supported, locally constant com¬ 
plex valued functions on X. Here and as usual, when no confusion is possible, we 
do not distinguish a representation with its underlying (complex) vector space. In 
particular, we do not distinguish a character with the representation attached to 
it on the one-dimensional vector space C. We call an element of (JTJ) a ^-invariant 
distribution on A". Many problems on number theory and representation theory of 
p-adic groups end up to the problems on semi-invariant distributions of this kind. 
There are quite a lot of techniques on the vanishing of invariant distributions. It 
seems to us that the constructions of semi-invariant distributions are still not fully 
developed. 

We suggest in this paper that, to describe all semi-invariant distributions on the 
^-spaces, it would be more achievable to first consider some more general distri¬ 
butions. They are the generalized semi-invariant distributions as in the following 
definition. 

Definition 1.1. Let V be a (non-necessary smooth) representation of G. A vector 
v G V is called a generalized invariant vector if there is a k G N such that 

{go - 1)(01 - 1) • • • {9k - !)■« = 0 for all g 0 ,g u ■ ■ ■ ,g k e G. 

A generalized x-invariant distribution on X is defined to be a generalized invariant 
vector in the representation Homc(<S(A), x) °f G. 
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Here and as usual, the group G acts on Hom c (<S(X), x) as in the equation ([5]) 
of Section 12.21 The set of non-negative integers is denoted by N. 

When X is a G-homogeneous space (to be more precise, this means that the 
action of G on X is transitive, and for every x G X , the orbit map G —> X, g K y g.x 
is open), the space dU) is at most one-dimensional. We introduce the following 
definition. 

Definition 1.2. When X is a homogeneous space of G, we say that X is x~ 
admissible if the space (JIJ) is non-zero. 

We are mainly concerned with l -spaces and Ggroups of algebraic geometric ori¬ 
gin. Throughout the paper, we fix a non-archimedean local field F of characteristic 
zero. 

Definition 1.3. Assume that G = G(F) for some linear algebraic group G defined 
over F. LetX be an algebraic variety over F, with an algebraic action of G. We say 
that a G-orbit O C X(F) is weakly x- a dmissible if the homogeneous space G/G°(F) 
is x-admissible, where x G O, and G° denotes the identity connected component of 
the stabilizer G x of x in G. 

The above definition is certainly independent of the choice of x G O. As usual, by 
an algebraic variety over F, we mean a scheme over F which is separated, reduced, 
and of finite type. A linear algebraic group over F is a group scheme over F which 
is an affine variety as a scheme. 

The first main result we obtain in this paper is the following automatic extension 
theorem for semi-invariant distributions and generalized semi-invariant distribu¬ 
tions. 

Theorem 1.4. Let G be a linear algebraic group defined over F, acting algebraically 
on an algebraic variety X over F. Let x be a character of G(F), and let U be a 
G -stable open subvariety of X. Assume that every G(F )-orbit in (X \ U)(F) is 
not weakly x-admissible. Then every x-^ nvar iant distribution on U(F) uniquely 
extends to a x-i nva riant distribution on X(F), and every generalized x-i nva riant 
distribution on U(F) uniquely extends to a generalized x-mvariant distribution on 
X(F). 

In Theorem 1 1.41 if we replace “weakly x-admissible” by “x-admissible”, then the 
uniqueness assertion of the theorem remains true, by the localization principle of 
Bernstein-Zelevinsky [ BZ1. Theorem 6.9]. In particular it implies that if every G(F)- 
orbit in X(F) is not x-admissible, then there is no nonzero generalized x-invariant 
distribution on X(F). But the extendability may fail in general, as shown in the 
following example. Let G = {±1} x F x , which acts on X := {(x,y) G F 2 | xy = 0} 
by 

(1, a).(x, y) := {ax,a~ x y) and (—1, a).(x, y) := (a -1 ?/, ax), 
for all a G F x and (x,y) G X. Let x be the non-trivial quadratic character of G 
which is trivial of F x . Then the orbit {(0,0)} is weakly x-admissible, but not x~ 
admissible. It is well known that a non-zero x~ invariant distribution on X\{(0, 0)} 
does not extends to a x-invariant distribution on X. 
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The idea of generalized semi-invariant distributions can even be dated back to 
the famous Tate’s thesis. It has rooted in the dimension one property of the space 
of semi-invariant distributions on F with respect to the multiplicative action of 
F x . Let x denote a character of F x for the moment. As a simple application of 
Theorem 11.41 we know that 

(2) dim Hom F x (5(F), x) = 1 

when x is non-trivial. However, Theorem 11.41 is no longer applicable when x is 
trivial. Instead, when x is trivial, we consider the meromorphic continuation of 
the zeta integral 

[ (f>(x)\x\ s dx, 0 G 5(F). 

J F 

This zeta integral has simple pole at s = — 1. Taking all coefficients of the Laurent 
expansion of the zeta integral at s = — 1, we actually get all generalized x-invariant 
distributions on F. By considering the natural action of F x on this space of all 
generalized x-invariant distributions, one concludes that (J2J) also holds when x is 
trivial. 

A key observation of the above argument is that generalized invariant distribu¬ 
tions on F x extends to generalized invariant distributions on F. The second main 
result of this paper is the following generalization of this observation. 

Theorem 1.5. Let G be a linear algebraic group over F. Let X be an algebraic 
variety over F so that G acts algebraically on it with an open orbit U C X. Assume 
that there is a semi-invariant regular function f on X, with the following properties: 

• / does not vanish on U. and Xf \ U has codimension >2 in Xf, where Xf 
denotes the complement in X of the zero locus of f; 

• the variety Xf has Gorenstein rational singularities. 

Let x be a character of G(F) which is trivial on N(F), where N denotes the unipotent 
radical of G. Then every generalized x-invariant distribution on U(F) extends to a 
generalized x~i nvar iant distribution on X(F). 

Here a regular function / on X being semi-invariant means that, there exists an 
algebraic character v of G over F such that 

(3) f(g-x) = v(g)f(x), for all g G G(F) and x G X(F), 
where F denotes an algebraic closure of F. 

Remarks, (a) Let G be a linear algebraic group over F, acting algebraically on 
an algebraic variety Y over F. We say that Y is G-homogeneous, or Y is a G- 
homogeneous space, if the action of G(F) on Y(F) is transitive. In general, a 
subvariety Z of Y is called a G-orbit if it is G-stable and G-homogeneous. 

(b) We say that a subvariety Z of an algebraic variety Y has codimension > r 
(r G N) if 

r + dini x Z < dim x Y for all x E Z. 

(c) The notion of Gorenstein rational singularity is reviewed in Section 
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(d) A variant of Theorem \1.5\ is stated in Theorem \6. 33 1 where Xf is only required 
to have rational singularities, but we additionally assume that there exists a nonzero 
semi-invariant algebraic volume form on U. 

In order to prove Theorem 11.51 as in the case of Tate’s thesis we need to employ 
the theory of zeta integrals. For each generalized ^-invariant distribution /i on 
U(F), it turns out that /i is a definable measure (Definition 15.91) and it is locally 
finite on Xf( F) (Theorem 16.301) . We attach a zeta integral 


: = / (f>(x)\f(x)\ s dn(x), 

Jx f (F) 


for every G <S(X(F)). The meromorphic continuation of is a consequence of 
a general fact of Igusa zeta integrals on semi-algebraic spaces, which is proved in 
Theorem 15.131 

The structure of the paper is as follows. In Section El we introduce the basics of 
generalized homomorphisms and generalized extensions, and we prove a vanishing 
theorem of generalized extensions ('Theorem 12.111) . In Section El we prove a local¬ 
ization principle for extensions in the settings of equivariant ^-sheaves (Theorem 
13.2p . Section [4] is devoted to a proof of our first main theorem. We first establish 
the generalized version of Frobenius reciprocity and Shapiro Lemma. Then by re¬ 
sults in Section El and Section El we prove a higher version of automatic extension 
theorem (Theorem I4.10p . which contains Theorem 11.41 as a special case. 

In Section El we introduce p-adic semi-algebraic spaces and the measure theory 
on them. We prove the meromorphic continuation of Igusa zeta integral on general 
semi-algebraic spaces (Theorem I5.13j) after the works of Denef, Cluckers et al. 
In Section El we prove the second main theorem as follows. We first prove that 
any generalized semi-invariant distribution on algebraic homogeneous spaces is a 
definable measure (Theorem 16.151 Proposition 16. 2D . in the sense of Definition 
15.91 Then we prove that it is locally finite (Theorem I6.30P if the boundary has 
Gorenstein rational singularities. In the end Theorem 11.51 follows from Theorem 

Em 

As an illustration, we determine all generalized semi-invariant distributions on 
matrix spaces in Section El In this example we employ intensively the automatic 
extension theorem and meromorphic continuations of distributions. 
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July-August and December of 2013, where part of the work was done. B. Sun was 
supported by the NSFC Grants 11525105, 11321101, and 11531008. Finally, both 
authors would like to thank the anonymous referee for many valuable comments 
which have led to an improvement of this paper. 
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2. Generalized homomorphisms and generalized extensions 

2.1. The space of generalized invariant vectors. Let G be an t'-group as in the 
Introduction. By a representation of G, we mean a complex vector space together 
with a linear action of G on it. A vector in a representation of G is said to be 
smooth if it is fixed by an open subgroup of G. A representation of G is said to be 
smooth if all its vectors are smooth. 

Let P be a representations of G. Define a sequence 

yG ,0 c yG , 1 c yG ,2 c . . . 


of subrepresentations of P by 

(4) V G ’ k := {v G P | (g 0 -l)(gi -1) ■ ■ ■ (g k -l).v = 0 for all g 0 , g ± , ■ ■ ■ ,g k e G}. 


Put 


yC,oc jj yG,k 
fee N 


A vector of V G '°° is called a generalized G-invariant vector in P. 


Definition 2.1. A representation of G is said to be locally unipotent if it is smooth 
and all its vectors are generalized G-invariant. 


At least when P is a smooth representation, it is elementary to see that every 
compact subgroup of G acts trivially on V G, °°. Define G° to be the subgroup of G 
generated by all compact subgroups of G, which is an open normal subgroup of G 
(similar notation will be used without further explanation for other ^-groups). Put 

A g := G/G°. 

Then when P is smooth, V G,oa descends to a locally unipotent representation of 
-A-g- 

Recall from the Introduction that F is a non-archimedean local field of charac¬ 
teristic zero. 


Proposition 2.1. (see lie. Chapter II, Proposition 22]) Assume that G = G(F) 
for some connected linear algebraic group G defined over F. Then A q is a free 
abelian group whose rank equals the dimensional of the maximal central split torus 
of a Levi component of G. 

2.2. Generalized homomorphisms. Let V±, V 2 be two smooth representations 
of G. Then Hom c (Vi, Vf) is naturally a representation of G: 

(5) g.(j>(v) := gffig-'.v)), f e Hom c (Vi, V 2 ), v e Pi. 

For each k = 0,1, 2, • • • , 00 , put 

Homey-(Pi, V 2 ) ■= (Horn c (V u V 2 )) G ’ k . 

We call a vector in Home, 00 (Pi, P 2 ) a generalized homomorphism from Pi to V 2 . 
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Lemma 2.2. For each open compact subgroup K of G, one has that 

Hom G , 00 (^ 2 ) C Rom K (V u V 2 ). 

In particular, every generalized homomorphism from V\ to V 2 is a smooth vector 
of Horned, y 2 ). 

Proof. Write 

W = ©^i,i 

iei 

as a direct sum of finite dimensional representations of K. Then one has that 
Hom G|00 (y 1 ,y 2 ) 

C Rom Kj00 (Vi,V 2 ) 

C Homjf )00 (Vi ) i, V 2 ) 

iei 

= J^Hom^(Vi,j, Vf) (since Hom c (l/ 1 j, Vf) is a smooth representation of K ) 
iei 

= Eom K (V 1 ,V 2 ). 


□ 


By Lemma [2721 we know that Hom G) fc(Vi, V 2 ) is a locally unipotent representation 
of A g (k = 0,1, 2, • • • , 00 ). The following lemma is obvious. 

Lemma 2.3. One has that 


Hom Gi00 (Vi, Vf) = 0 if and only if Hom G (Vi, V 2 ) = 0. 
The following lemma is routine to check. We omit the details. 


Lemma 2.4. (a) Let V\,V 2 , V :i be smooth representations of G. Let ki,k 2 G 
{0,1, 2, • • • , 00 }. Then 


02 ° 0i 6 Hom Gjfcl+fc2 (Vi, V 3 ) 

for all G Hom Gjfcl (l/i, V 2 ) and 0 2 G Horn gm(V 2 , V 3 ). 

(b) Let Vi, V 2 , V{, V 2 be smooth representations ofG. Let Ay, k 2 G {0,1, 2, • • • , 00 }. 
Then 


0i ® 02 e Hom G)fcl+fe (Vi <g> V 2 , V{ <g> Vff) 
for all 0i G Hom Gj fc 1 (Vi, V{) and 0 2 G Hom 6 ; b (h 2! Vf). 


2.3. Generalized homomorphisms and homomorphisms. Denote by C[A G ] 
the group algebra of A G . Denote by I G the augmentation ideal of C[A G ], namely, 

J G : = | a 9 g G C [ Ag ] I E*» = 0 • 
laeAo J 


J G,k ■— C[A G ]/(I G ) fc+1 . 
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For each k G N, put 



We view it as a locally unipotent representation of G through left translations. 
The following lemma is routine to check. 

Lemma 2.5. Let fcsN. For each smooth representation V of G, the map 

Rom G (J G , k ,V)^V G ’ k , 0^0(1) 

is a well-defined isomorphism of locally unipotent representations of G. Here 
Hom G (J G; fc, V) I s viewed as a smooth representation of G by 

(9-<f>)(x) ■■= fi(xg), g G G, 0 G Hom G (J G)fe , V ), x G J G , fc , 

where g denotes the image of g under the natural map G —> J G ,fc. 

More generally, we have the following lemma. 

Lemma 2.6. Let fceN. For all smooth representations Vi and V 2 of G, the map 

Hom G (J G>fc (8) Vi, V 2 ) -t Hom G)fe (Vi, V 2 ), ^ <j>\ Vl 

is a well-defined isomorphism of locally unipotent representations of G. Here Vi is 
identified with the subspace 1 (8) Vi of J G fc <8> V\, and Hom G (J G fc <8> Vi, Vf) is viewed 
as a smooth representation of G by 

(g.fi)(x (8) v) := (j){xg <8) v), g e G, E Hom G (J Gjfc , V ), x e J G , fc , v G Vi, 
where g denotes the image of g under the natural map G —> J G)k - 
Proof. We have the G'-equivariant identifications 

Hom Gifc (y 1 ,y 2 ) = Hom c (Vi, V 2 ) a,k 

= Hom G (J Gi fc, Hom c (Vi, V 2 )) 

= Hom G (J Gifc <8> Vi, Vfi). 

Therefore the lemma follows. □ 

Lemma 12.51 implies that 

yG,oo _ ljj^Hom G (J G) fc, V), 
k 

for all smooth representations V of G. Likewise, Lemma [2.61 implies that 
Hom Gj00 (Vi, V 2 ) = limHom G (J GjA . <8> Vi, V 2 ), 

k 

for all smooth representations Vi and V 2 of G. 

2.4. Schwartz inductions. We briefly recall the Schwartz inductions in this sub¬ 
section. Let H be a closed subgroup of G. Let Vo be a smooth representation 
of H. Define the un-normalized Schwartz induction ind^Vo to be the space of all 
Vo-valued locally constant functions <f> on G such that 

• <j)(hg) = h.(j)(g), for all h G H, g G G; and 

• c f> has compact support modulo (the left translations of ) H. 

It is a smooth representation of G under right translations. The following lemma 
is well known and easy to check. 



Lemma 2.7. Let V be a smooth representation of G. Then the linear map 

/g\ V®'md%V 0 ->• mdH(V\ H 0 Vo), 

^ v 0 H)■ [g g.v ® <f{g)) 

is a well defined isomorphism of smooth representations of G. 

2.5. Generalized extensions. Denote by A4(G) the category of smooth repre¬ 
sentations of G (the morphisms of this category are G'-intertwining linear maps). 

By a projective smooth representation of G, we mean a projective object of the 
category M(G). 

Lemma 2.8. Let Vj, Vj be two smooth representations of G. IfV\ or Vj is projec¬ 
tive, then Vj 0 V 2 is projective. 

Proof. This is well known. We sketch a proof for the convenience of the reader. 
Without loss of generality, assume that V 2 is projective. Note that V 2 is isomorphic 
to a quotient of ind^iV^. Since it is projective, it is isomorphic to a direct summand 
of ind {) I V 2 . Therefore Vj 0 V 2 is isomorphic to a direct summand of 

Vj 0 (ind|")|VG) = ind{j|(Vj <g) V 2 ) (by Lemma 12.71) . 

By [Ca. Theorem A.4], indj) 1 (Vj 0 V 2 ) is projective. Therefore Vj 0 Vj is also 
projective. □ 

Lemma 2.9. Let Vj and V 2 be two smooth representations of G. Let P, —y Vj 
be a projective resolution of Vj, and let V 2 —$■ /* be an injective resolution ofV 2 . 

Then for each i 6 Z, the i-th cohomology of the complex Homc^P., V 2 ) and the 
i-th cohomology of the complex Hom^fe^,/*) are both canonically isomorphic to 

f ExT c (3 G}k ®V u V 2 ), forked; 

( liryi ExB G (J G , r ®hi, V 2 ), for k = 00 . 

Proof. First we assume that k G N. Then 

(7) Hom G)fc (P„ V 2 ) = Hom G (J G)fc <8)P., V 2 ), (by Lemma [2T6D. 

By Lemma [2781 J G ,fc<S>P. —>■ J G) fe<8>ki is a projective resolution of J G ,fc<S)ki- There¬ 
fore the i-th cohomology of the complex (J7J) is canonically isomorphic to Ext G (J G) fc <8>Vj, V 2 ). 
On the other hand, it is obvious that the i-th cohomology of the complex 

(8) Hom G)fc (Vi, /*) = Hom G)fe (J G:fe (2>Vi, /') 

is canonically isomorphic to Ext G (J G; fc <8 )Vl, V 2 ). 

The Lemma for k = 00 then follows since taking cohomology commutes with 
taking direct limits. □ 

Denote by A4 U (A G ) the category of all locally unipotent representations of A G . 

For each k = 0,1, 2, • • • , 00 , we have a bi-functor 

Hom G , fc (-, •) : M(G) op x M(G) —^ -M u (A g ). 

In view of Lemma 12.91 write 

Ext Gfc (-, •) : M(G) op x M(G) —> MfiA G ) 
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for its i-th left derived bi-functor (j 6 Z). 

Let T be a directed set, i.e. T is a partially ordered set with a partial order < 
and for any 7 , 7 ' G T, there exists 7 " G T, such that 7 < 7 " and 7 ' < 7 ". We can 
view T as a category where morphisms come from the partial order. Let T° be the 
opposite category of T. Let C be an abelian category. A directed (resp. directed 
inverse ) system of objects in C is a functor from L (resp. r°) to C. We can write 
such a system as {V^j-ygr, where Vy G C and for any 7 < 7 ' in T we associate a 
morphism 0 7 y : V 7 —> Vy (resp. 0 7 y : Vy —> Vy). We call a directed (directed 
inverse) system {L 7 } 7g r injective (resp. surjective ) if for any 7 < 7 ' the morphism 
d 7 y is injective (resp. surjective). 

Lemma 2.10. Let V be a smooth representation of G, and let {I/y} 7e r be an 
injective directed system of smooth representations of G where Y is a countable 
directed set. Let k G N. If for all i E h and 7 G T, Ext( 7 jA ,(L 7 , V) = 0, then 
Ext G;fc ( lin^ _ Vy, V) — 0 for all « G Z. 

Proof. In view of Lemma [2791 Ext G fc ( lin^ I/ 7 , V) can be computed as i-th cohomol¬ 
ogy of HomG.fc( lin^ Vy, I*), where /* = {•••—)■ 0 —>■ J° —>■ I 1 —>•••} is an injective 
resolution of V. We have the following isomorphisms, 

Hom G , A .( lim Vy, I*) ~ Hom G (J G;fc (g) (lim E 7 ), /*) 

7 7 

~ lim Hom G (J G)fe (g) Vy, /*) 

7 

- ljmHom G . fc (K,/*), 

7 

where the first and the third isomorphisms follow from Lemma 12.61 and the second 
isomorphism is a general property of Horn functor. Therefore it suffices to show 
that the inverse limit of the system of complexes {Hom Gi / c (E 7 , /*)} 7e r is acyclic. 

Let X* = {■■■—>• 0 —>■ X 7 —» X} f —)■•••} be the cochain complex Hom G) fc(Ey, /*). 
We get a directed inverse system of cochain complexes {X*} 7gr . The directed 
inverse system {W*} 7er is surjective for each i since I 1 is an injective module and 
0 77 ' : V 1 —» Vryt is an injective morphism. By assumption on the vanishing of 
Ext Gfc (E 7 ,E) for any i and 7 , we get an acyclic complex of surjective directed 
inverse systems, 

0 {X°} 7er ——G {X^} 7Gr ——G 

Let Ker^ be the kernel of d 7 and let Im^ be the image of df. For every i, we have 
Ker^ = Irnfh 1 . Note that Ker^, = X 7 and we have short exact sequences 

0 Ker; -G X\ -G Ke4 +1 —>■ 0. 

By induction it is easy to see that for all i the directed inverse system {Ker! ) ,} 7er 
is surjective. Hence for all i we have the following short exact sequences ( see eh 
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Lemma 10.85.4]) 


0 —> limKer^ —* limA* —> limKer!^ 1 —> 0. 

7 7 7 

Combining all these short exact sequences, we conclude that the complex lym^ X* 
is acyclic. 

□ 


2.6. A vanishing Theorem of generalized extensions. The main result of 
this subsection is the following theorem. 

Theorem 2.11. Assume that G = G(F) for some connected linear algebraic group 
G defined over F. Let V\ and V 2 be two smooth representations of G. Assume 
that there are two distinct characters Xi and X 2 °f G such that both Vi <g> xf l and 
Vi < 8 > Xi 1 are locally unipotent as representations of G, then 

ExV C k (V u V 2 ) = 0, i G Z, k = 0,1, 2, ■ ■ • , oo. 

We remark that Theorem 12. Ill fails without the connectedness assumption on G. 
Instead, we will use the following corollary in the disconnected case. 

Corollary 2.12. Let G be an t-group which contains G(F) as an open normal 
subgroup of finite index, where G is a connected linear algebraic group defined over 
F. Let V\ and Vi be two smooth representations of G. Assume that there are two 
distinct characters xi and X 2 of G(F) such that both (Vi)|g(f) ® Xf 1 an d (V 2 )|g(f)< 8 > 

Xi 1 are locally unipotent as representations of G(F), then 

Ext^. fc (Vi, V 2 ) — 0, i e Z, k = 0,1, 2, ■ ■ • , oo. 

Proof. Note that the tensor product of two locally unipotent representations is also 
a locally unipotent representation. By Lemma [2791 it suffices to prove the corollary 
for k — 0. Let P, be a projective resolution of V\. Then (P.)|g(f) is a projective 
resolution of (Vi) | g(f) - By Theorem 12.111 the complex Houig(f)(L > ., Vi) is acyclic. 
Therefore the complex Hohig(P„, Vi), which equals the complex (Hom G (F)(-P«, Vi)) G ^ Q ^ 
of the G/G(F)-invariant vectors, is also acyclic. This proves the corollary. □ 

The rest of this subsection is devoted to a proof of Theorem 12.111 

Lemma 2.13. Let V\ and Vi be two smooth representations of an l-group G. Then 
for each character x of G, there is an isomorphism 

Ext G, fc (i / l, V 2 ) = Extg ifc (Vi ® y, V 2 ® x), i e Z, k = 0,1, 2, ■ ■ ■ , cx> 

of locally unipotent representations of Ac- 


Proof. Take an injective resolution 

0 —> V 2 —> /q —>■ I\ —V Ii > ■ ■ ■ 


of V 2 . Then 

0 —^ V 2 <S> x —t Io ® x —t I\ ® x —t I 2 <E> x —t ■ 

is an injective resolution of V 2 < S ) X ■ Therefore the lemma follows. 

ll 


□ 









The following Lemma is well known and is an easy consequence of Lemma 12.81 


Lemma 2.14. Let Vi, V 2 be two smooth representations of an £-group G. Then for 
all ieZ, 

Extg(Vi, Vff) = Hj(G, Vi ®V 2 )*. 

In particular, 

for all smooth representation V of G. 


Here and henceforth, a superscript “ v ” indicates the smooth contragredient of a 
smooth representation, a superscript indicates the space of all linear function¬ 
als, and “Hj” indicates the i-t\i homology group. 


Lemma 2.15. Let U be a unipotent linear algebraic group over F, and put U := 
U(F). Let x be a character of U. Then for each i£Z, 

H i(U,x) = 0 if i jtz 0 or x is non-trivial. 

Proof. By [Bel Proposition 10, Section 3.3], the coinvariant functor V 1 —>■ Vu from 
the category M.{U) to the category of complex vector spaces is exact. This implies 
the lemma. □ 


Similar to Lemma 12.151 we have the following lemma for semisimple groups. 

Lemma 2.16. Let S be a connected semisimple linear algebraic group over F, and 
put S := S(F). Let x be a character of S. Then for each i e Z, 

Hj(5l x) — 0 if i 0 or x is non-trivial. 

Proof. In view of Lemma, [2. 141 this is implied by [Cal Theorem A. 13]. □ 

The following lemma is a variant of Hoschild-Serre spectral sequence, see [Cal 
Proposition A.9]. 

Lemma 2.17. Let H be a closed normal subgroup of an t-group G. Let V and 
W be smooth representations of G, with H acting trivially on W. Then there is a 
spectral sequence 

E™ = Ext* /H (H ,(H, V),W) =*• Extg^V, W). 

Generalizing Lemma 12.161 we have the following lemma for reductive groups. 

Lemma 2.18. Let L be a connected reductive linear algebraic group over F, and 
put L := L(F). Let x be a character of L°. Then for each j 6 Z, 

Hj(L°, x) — 0 if i 0 or x is non-trivial. 

Proof. Write S for the derived subgroup of L, and put S := S(F). Lemma 12. 141 and 
Lemma 12.171 imply that 

(9) Hj(L°,x)* = Ext^o/slHolS 1 , y), C). 

If i 0 , then the right hand side of ([9]) vanishes since L°/S is compact. The 
lemma is obvious for i — 0. □ 
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Lemma 2.19. Let (X , Ox) be a ringed space. Let F\ and F j be two Ox-modules. 
If the supports of F\ and IF 2 are disjoint, then 

Ext l 0x (Zj, F 2 ) = 0, ie Z. 

Proof. By the construction of injective resolutions as in m Chapter III, Propo¬ 
sition 2 . 2 ], we know that there is an injective resolution IF 2 —> Z. such that the 
support of Zj is contained in that of IF 2 (i 6 Z). Therefore the lemma follows. □ 

Lemma 2.20. Let A be a finitely generated free abelian group. Let Vj and V2 be 
two representations of A. Assume that there are two distinct characters Xi and y 2 
of A such that both Vj ® xf 1 and V 2 <E> xj " 1 are locally unipotent as representations 
of A, then 

Ext A (Vj, Vj) = 0, i G Z. 

Proof. Write C[A] for the complex group algebra attached to A. Then both Vj and 
Vj are C [A]-modules, and we have that 

Exti(Vj, Vj) = Extq A] (Vj, Vj), i € Z. 

Denote by C[A] the structure sheaf of the scheme Spec(C[A]), and denote by Vj 
and Vj the quasi-coherent C[A]-modules attached to Vj and Vj, respectively. Note 
that there exists a filtration 0 = Vj° C Vj 1 C Vj 2 C • • • of the representation Vj of 
A such that (J fc>1 ^1 = hj and Vj^/V ^ -1 is a direct sum of copies of Xi f° r every 
k > 1. 

Using Lemma 12.101 we are reduced to show that for all k 

Ext A (Vj fc , Vj) = 0, 1 G Z. 

For any vector space W, we always have 

Ext A (W ® xr, V 2 ) = W* ® Exti( Xl , V 2 ) 

for every i, where W* is the dual vector space of W. By induction on k, we assume 
without loss of generality that Vj = X\■ Then we have that (see [ Hal Chapter III, 
exercise 6.7]) 

Extq A] (Vj, Vj) = Ext ~ ] (Vj, Vj), i e Z. 

Since Xi 7 ^ X 2 , the supports of Vj and Vj are disjoint. Therefore the lemma follows 
by Lemma 12.191 □ 

Lemma 2.21. Let L be a connected reductive linear algebraic group over F, and put 
L := L(F). Let x be a non-trivial character of L, and let V be a locally unipotent 
representation of L. Then 

Ext A (x, V) = 0 , for all i G Z. 

Proof. Note that L° acts trivially on V. Lemma 12. 171 and Le mm a 12.181 imply that 

ExtKx, V) = Exti /LO (Ho(L°, X ), V), for all i e Z. 

If x\l° is non-trivial, then the above space vanishes. Now assume that x\l° is 
trivial. Then Ho(L°,x) is a non-trivial one-dimensional representation of L/L°. 
The lemma then follows by Lemma 12.201 □ 
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Now we come to the proof of Theorem 12.111 Using Lemma 12.131 we assume 
without loss of generality that \ 2 is trivial. Then Xi is non-trivial. As in the proof 
of Corollary 12.121 it suffices to prove Theorem 12.111 for k — 0. As in the proof of 
Lemma [2.201 we may use Lemma [2.101 to further assume that V\ = Xi ■ Then what 
we need to prove is that 

(10) Extg(xi, V 2 ) = 0, ieZ 

for all non-trivial character Xi of G, and all locally unipotent representation V 2 of 
G. 

Denote by N the unipotent radical of G, and put N := N(F). Note that N acts 
trivially on V 2 since N <Z G°. If Xi is non-trivial on N, then Lemma 12.171 and 
Lemma 12.151 imply that (fTOl) holds. Now assume that Xi is trivial on N. Then 
Lemma 12.171 and Lemma 12.151 imply that 

Extg(xi, V 2 ) = Extg /JV (yi, V 2 ), i G Z, 

which vanishes by Lemma 12.211 This finishes the proof of Theorem 12.111 

3. A LOCALIZATION PRINCIPLE FOR EXTENSIONS 

3.1. Equivariant ^-sheaves and the localization principle. Let X be an l- 

space. We define an f-sheaf on X to be a sheaf of complex vector spaces on X. 
For any f'-sheaf T on X , let T c (J r ) denote the space of all global sections of T with 
compact support. In particular, <S(X) = T c (Cx), where C_\- denotes the sheaf of 
locally constant C-valued functions on X. For each x G X, denote by T x the stalk 
of T at x ; and for each s G T c (J r ), denote by s x G T x the germ of s at x. The set 
_| xgY T x carries a unique topology such that for all s G T c (J r ), the map 

X —> |_| J- x , x t —> s x 

x&X 

is an open embedding. Then T c (J r ) is naturally identified with the space of all 
compactly supported continuous sections of the map u xGX x ^ X. 

Let G be an Ugroup which acts continuously on an Uspace X. 

Definition 3.1. (ci. [BZ1 Section 1.17],) A G-equivariant £-sheaf on X is an £-sheaf 
T on X, together with a continuous group action 

Gx[_\X x ^[_\X x 

xdX xdX 

such that for all x G X, the action of each g G G restricts to a linear map T x —» 

Xg.x- 

Given a G-equivariant Gsheaf T on 1, the space T c (J r ) is a smooth representa¬ 
tion of G so that 

(g-s)g.x = g-s x for all g G G, x G AT, s G r c (J r ). 

For each G-stable locally closed subset Z of X, the restriction T\z is clearly a 
G-equivariant Gsheaf on Z . 
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The main purpose of this section is to prove the following localization principle 
for extensions. 

Theorem 3.2. Let T be a G-equivariant i-sheaf on X. Let Y be an t-space with 
a continuous map tt : X —* Y so that n(g.x) = ir{x), for all x G X and g G G. Let 
Y, V 2 be two smooth representations of G, and let i 6 Z. Assume that 

ExP G (r c (A| x J (8) V,, P 2 V ) = 0 for all y eY, 

where X y := tt _1 (?/). Then 

Ext G (T c (J r ) <8> Vi, Vff) = 0. 

By Lemma [2.91 Theorem 13.21 has the following obvious consequence. 

Corollary 3.3. Let T and tt : X —> Y be as in Theorem \3.2\. Let \ be a character 
of G. Let fceN, and let ieZ, Assume that 

Ext G,fc( r c(^UJ, x) = 0 for al1 y^ Y , 

where X y := tt _1 (i/). Then 

ExE Gifc (r c (^),x) = o. 

3.2. A projective generator. Write H(G) for the Hecke algebra of G , namely 
H(G) := S(G)dg, for a left invariant Haar measure dg on G. Denote by Cg,.y 
the sheaf of H(G’)-valued locally constant functions on A". It is a G-equivariant 
t'-sheave under the diagonal action of G on 11(G) x X. Here G acts on H(G) by 
the left translations, and the obvious identification 

U (C G,x) x = H(G) x A 

x€X 

is used. 

Denote by Shc(X) the abelian category of G-equivariant Csheaves on X (a 
morphism in this category is a sheaf homomorphism T —> T' so that the induced 
map u xex y U, e x T' x is G-equivariant). Denote by JA X {G ) the category of 

all smooth representations V of G equipped with a non-degenerate <S(X)-module 
structure on it such that 

gfcfv) = (g.^>)(g.v), for all g e G, 0 e 5(A), v e V 
Here the <S(A)-module structure is non-degenerate means that 

5(A) ■ V = V. 

By [BZ , Proposition 1.14], T c establishes an equivalence between the category of 
Gsheaves on A and the category of non-degenerate 5(A)-modules. This implies 
the following equivariant version of the localization theorem. 

Proposition 3.1. The functor 

(11) r c : Sh G (X) ^ Mx(G) 

is an equivalence of categories. 
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Lemma 3.4. For each i-space A, the sheaf Cx is a projective object in the category 
of £-sheaves on X. 

Proof. By the equivalence of categories, we only need to show that 5(A) is a 
projective object in the category of non-degenerate 5(A)-modules. It is elementary 
and well known that X is a countable disjoint union of open compact subsets: 

x = \Jx t . 

i&I 

Then S(X) = © i£7 S(Xi) and the lemma easily follows. □ 

When A" has only one element, the following proposition is proved by P. Blanc 
[Blaj . See also [Cal Theorem A.4], 

Proposition 3.5. The G-equivariant i-sheaf Cq,x is a projective generator in 
Sh G (X), that is, it is a projective object of Sh G (X), and for each G-equivariant 
l-sheaf T on X, there exist an epimorphism C G) x —y J~ in Sh G (X ) for some 
index set I. 


Proof. By Proposition 13.11 we only need to show that 5(A) ® H(G) is a projective 
generator in J\4x(G). Here G acts on 5(A) <g) H(G) diagonally, and 5(A) acts on 
5(A) (g) H(G) through the multiplication on 5(A). 

For every V 6 A4 X (G), the linear map 

5(A") <g> H(G) ®V—>V, (f> <8) r} <8) v i-t 0 ■ (■ rj.v ), 

is an epimorphism in M. X (G ), where G and 5(A) act on 5(A)<g)H(G)<g)y through 
their action on 5(A) <g) H(G). This proves the second assertion of the proposition. 
Now we show that 5(A) <g)H(G) is projective. Fix an element r] 0 G 5(G) so that 

/ Vo (g) d r g = 1, 

Jg 

where d r g denotes a fixed right invariant Haar measure G. 

Let 

5(A) ® H(G) 

F 

U ---- V --0 

be a diagram in Mx(G) so that the map P is surjective. Lemma [3.41 implies that 
there exists a 5(A)-module homomorphism F' : 5(A) ® H(G) — y U which is a 
lifting of F , that is, P o F' = F. Define a linear map 

F" : 5(A) ® H(G) —> U, [ g- 1 .F\g4®{j] 0 -{g.uj)))d r g. 

Jg 

Then it is routine to check that F" is a well-dehne morphism in A4v(G) which 
lifts F. This finishes the proof. □ 

Corollary 3.6. The functor T c : Sh G ( X) —> A4(G) is exact and maps projective 
objects to projective objects. 
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Proof. The functor is exact since (TTT1) is an equivalence of categories. Proposi¬ 
tion [3T5] implies that every projective object in Sh G (X) is isomorphic to a direct 
summand of 0 ;G/ C Gi x for some index set I. Lemma 12.71 implies that as repre¬ 
sentations of G, r c (C G , x ) = <S(X) <g) H(G) is isomorphic to a direct sum of copies 
of H(G'). As a special case of Proposition 13.51 we know that H(G) is a projec¬ 
tive object in M.[G ). This proves that the functor r c maps projective objects to 
projective objects. □ 

Corollary 3.7. Let Z C X be a G-stable locally closed subset of X. Then the 
functor 

Sh G (X) -y Sh G {Z), T^T\z 
is exact and maps projective objects to projective objects. 

Proof. Since C G ,x\z = Ca^z, the corollary follows by the argument as in the proof 
of Corollary 13.61 □ 


3.3. The proof of Theorem 13.21 Let T be a G'-equivariant Gsheaf on X as 
in Theorem 13.21 For each smooth representation V of G, T ® V is clearly a G'- 
equivariant Csheaf on X. Moreover, we have that 

(12) r c (j®y) = r c (.F)®c 

as a smooth representation of G. 

Let Y and 7r : X —y Y be as in Theorem 13.21 Note that r c (-T) is a C°°(A")- 
module, where C DO (X) denotes the algebra of all C-valued locally constant func¬ 
tions on X. The pull-back through n yields an algebra homomorphism S(Y) — y 
C DO (X). Using this homomorphism, we view r c (J r ) as a non-degenerate S{Y)- 
module. For each smooth representation V of G, recall that its co-invariant space 
is defined to be 

V G :=_h_. 

spanjg.u — v \ g £ G, v £ V} 

For each non-degenerate 5(T)-module M and each y E Y, denote by M y the stalk 
at y of the Csheaf M on Y associated to M. To be explicit, 

M y := M ®s(Y) Cy, 

where C y denotes the ring C with the evaluation map S{Y) — y C at y. 

The following proposition is proved in [BZ1 Proposition 2.36]. 

Proposition 3.8. The coinvariant space (r c (J r ))G is a non-degenerate S{Y)- 
module. Moreover, for each y £ Y, one has a natural vector space isomorphism 

((UOT)o), = (U(Ux„))o (X, := -K-\y)). 

Now we come to the proof of Theorem 13.21 In view of Lemma 12.141 and the 
equality ([T2]) . replacing T by T <8) Vj <8) V 2 , we only need to show that 

(13) H i (G',r c (^)) = 0, 

under the assumption that 


(14) 


H i (G,r c (J-|x v )) = 0 
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Take a projective resolution V. —* T of T in the category Sh G (X). By Corol¬ 
lary E23 and Corollary 13.71 for all y G Y, T C (V.\x y ) r c (J r |x !/ ) is a projective 
resolution of T c (J r |x a ) in the category M(G). By the assumption of (fTT|) . the 
complex (T c (7 :, .|a'' !/ ))g is exact at degree i. Applying Proposition 13.81 we know 
that the complex ((T c {'P.)) G ) y is exact at degree i. Therefore (T C (V.)) G is exact at 
degree i as a complex of non-degenerate <S(Y)-modules. (Recall that the category 
of 7-sheaves on Y is equivalent to the category of non-degenerate (S(Y)-modules.) 
This proves (fT3jl since by Corollary 13.61 T c (fP.) —$■ T^J 7 ) is a projective resolution 
of T c (J r ) in the category M(G). 

4. A THEOREM OF AUTOMATIC EXTENSIONS 

4.1. Frobenius reciprocity and Shapiro’s lemma. Let H be a closed subgroup 
of an 7-group G. Then there is a unique character 8h\g °f 77 such that 

(15) Hom G (ind^<5^ G ,C) ^ 0. 

Here ind^ indicate the un-normalized Schwartz induction as in Section 12.41 The 
space (1151) is then one-dimensional. 

Let V be a smooth representation of G and let Vo be a smooth representation 
of 77. Recall the following well-known Frobenius reciprocity. 

Lemma 4.1. Fix a generator of the space (1131) . Then there is a canonical linear 
isomorphism 

Hom G (ind|R 0 , E V ) = Horn H (5 H \ G ® V 0 , (F|//) V ). 

Combining Lemmas 12.6112.71 and 14.11 we get the following proposition. 

Proposition 4.2. Fix a generator of the space (1151) . Then there is a canonical 
linear isomorphism 

Hom G , fc (indgF 0 , R v ) ^ Horn H (5 H \ G <g> J G , fc < 8 >V 0 , (^k) V )- 

ft is well known that Schwartz inductions preserve projectiveness, as in the 
following lemma. 

Lemma 4.3. 7/Vo is projective as a smooth representations of Ft, then the smooth 
representation ind^Vb of G is also projective. 

Proof. As in the proof of Lemma 12.81 Vo is isomorphic to a direct summand of 
ind^i Vjj. Therefore ind^Vb is isomorphic to a direct summand of 

indg(indf 1} Vb) = ind^Vb. 

By [Cal . Theorem A.4], indjj 1 Vb is projective. Therefore ind^Vo is also projective. 

□ 

We have the following Shapiro’s lemma for generalized extensions. 

Proposition 4.4. Fix a generator of the space (1151) . Then there is a canonical 
linear isomorphism 

Ext^indgRo, E v ) = Ex4(fe\ G <g> J G , fc < 8 >V 0 , (R|^) v ), k e N, i G Z. 
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Proof. Take a projective resolution P, —> V 0 of Vo. Since “ind” is an exact func¬ 
tor, by Lemma 14.31 ind^P. —>• ind^Vo is also a projective resolution. Then 
Ext G fe (ind^rVo, V v ) equals the i-th cohomology of the complex 

Hom G)fe (ind^P.,E v ). 

The later is isomorphic to the complex 

Horn h(8h\g ® Ja,k &-P., Vh^) 

by Proposition 14.21 By Lemma 12.81 Sh\g ® J G,k ®P. —$■ $h\g ® J G,k <S>Vo is also a 
projective resolution in the category M.(H). Therefore the proposition follows. 

□ 

4.2. The case of homogeneous spaces. Let x be a character of G. Note that 
there exists a natural isomorphism S{G/H ) ~ ind^C as representations of G via 
the following map 

0 ^ {g ^ 0(3 _1 )}, 

for any G S(G/H). Hence as a special case of Proposition 14.41 we have the 
following proposition. 

Proposition 4.5. There is a linear isomorphism 

Ext h,k( S ( G /H),x) = Ext^(5 jf/ \ G <g) J G ,k,x), k G N; i G Z. 

Recall from the induction that G/H is said to be y-admissible if Hom G (iS(G/i/), x) 7 ^ 
0. Proposition 14.51 implies that 

(16) G/H is y-admissible x\h — &h\g- 

Theorem 4.6. Assume that PI contains H(F) as an open normal subgroup of finite 
index, where H is a connected linear algebraic group defined over F. If G/ H(F) is 
not x-admissible, then 

E ^G,k( s (G/ H ),x) = 0, k = 0,1,2, ••• ,oo; i G Z. 

Proof. When k is finite, this is a direct consequence of Proposition l4~5l and Corollary 
12.121 Then for k = oo, the theorem follows by Lemma [2.91 

□ 

4.3. The automatic extension theorem. Let G be a linear algebraic group 
over F, acting algebraically on an algebraic variety Z over F. We say that Z 
is homogeneous if the action of G(F) on Z(F) is transitive, where F denotes an 
algebraic closure of F. The following result on homogeneous spaces over p-adic 
fields is well known. 

Lemma 4.7. [PR.1 Section 6.4, Corollary 2 and Section 3.1, Corollary 2] If Z is 
homogeneous, then Z(F) has only finitely many G(F )-orbits, and every G(F )-orbit 
is open in Z(F). 

In general, recall the following result which is due to M. Rosenlicht [Ro]. See 
also m Theorem 4.4, p.187]. 
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Proposition 4.8. There exists a G-stable open dense subvariety U of Z, a variety 
V over F, and a G-invariant morphism f : U —> V of algebraic varieties over F 
such that for all F -rational point y G V, the subvariety / _1 (p) of U is homogeneous 
(under the action of G). 

Let x be a character of G(F) as in Theorem 11.41 Recall the notion of weakly 
y-admissible from Definition 11.31 

Theorem 4.9. Assume that every G(F )-orbit in Z(F) is not weakly y- admissible. 
Then 

Ext G(F),fc(S( z ( F )); X) = 0, for all k = 0,1, 2, • ■ ■ , oo; i G Z. 

Proof. Using Lemma 12.91 we assume that k is finite. Using Proposition 14.81 induc¬ 
tively, and using the long exact sequences for extensions, we assume without loss 
of generality that Z equals the variety U of Proposition 14.81 Then the morphism / 
of Proposition 14.81 yields a G(F)-invariant continuous map 

fo : U(F) —> V(F). 

By Corollary 13.31 we only need to show that 

Ext G(F),fc(5(/o _1 (s/)),x) = 0. 

for all y G V(F). This is obviously implied by Lemma [4.71 and Theorem 14.61 □ 

We remark that Theorem 14.91 fails if the condition “not weakly ^-admissible” is 
replaced by the weaker condition “not y-admissible”, even when G is connected 
and reductive, and Z is G-homogeneous. 

As in Theorem 11.41 let X be an algebraic variety over F on which G acts al¬ 
gebraically, and let U be a G-stable open subvariety of X. Using the long exact 
sequence for generalized extensions, Theorem 14.91 clearly implies the following au¬ 
tomatic extension theorem, which contains Theorem 11.41 as a special case. 

Theorem 4.10. Assume that every G(F )-orbit in (X \ U)(F) is not weakly x~ 
admissible. Then for every k = 0,1, 2, • • • , oo and every i G Z, the restriction 
map 

Exf G(F) , t (5(X(F)), X ) -> E< <fm (S(U(F)),x) 

is a linear isomorphism. 


5. Semialgebraic spaces and meromorphic continuations 

For the proof of Theorem 11.51 we describe a general form of the rationality of 
Igusa’s zeta integral, in the setting of semialgebraic geometry over p-adic fields. For 
the basics of p-adic semialgebraic geometry, we refer the readers to the following 
papers 


20 






























5.1. Semialgebraic spaces. Recall that a subset of F n (n G N) is said to be 
semialgebraic if it is a finite Boolean combination of sets of the form 

{x G F n | f(x) = y k for some y G F x }, 

where / : F n —y F is a polynomial function, and k is a positive integer. Given a 
semialgebraic subset X of F n and Y of F m (m G N), a map from X to Y is said to 
be semialgebraic if its graph is a semialgebraic subset of F n+m . 

Let X be a set. We denote by A x the set of all triples (U, U', 0), U is a semi¬ 
algebraic subset of F n for some n G N, U' is a subset of X, and 0 : U —* U' is a 
bijection. 

Definition 5.1. A semialgebraic structure over F on a set X is a subset A of A x 
with the following properties: 

(a) every two elements (Ui,U[,(f>i) and ( U 2 ,U2,4>2 ) of A are semialgebraically 
compatible, namely, the bijection 

02 1 o 0 !: n u') -► ff\u[ n u' 2 ) 

has semialgebraic domain and codomain, and is semialgebraic; 

(b) there are finitely many elements ([/*, C/f, 0*) of A, i = 1, 2, • • • , r (r G N/, 
such that 

X = u[ U U' 2 U • • • U u' r ] 

(c) for every element of A x , if it is semialgebraically compatible with all ele¬ 
ments of A, then itself is an element of A. 

A semialgebraic space over F (or a semialgebraic space for brevity) is defined to 
be a set together with a semialgebraic structure (over F) on it. By a semialgebraic 
chart of a semialgebraic space, we mean an element of the semialgebraic structure. 
The following lemma is routine to check. 

Lemma 5.2. With the notation as in Definition ^. 1\ let 

A 0 = {( Ui , U[, 00 | i = 1,2, ■ ■ • , r} 

be a finite subset of A x whose elements are pairwise semialgebraically compatible 
with each other. If 

X = u[ u u 2 u • • • u u' r , 

then the set of all elements in A x which are semialgebraically compatible with all 
elements of Aq is a semialgebraic structure on X. 

By Lemma 15.21 it is clear that the product of two semialgebraic spaces is natu¬ 
rally a semialgebraic space. 

Definition 5.3. A subset S of a semialgebraic space X is said to be semialgebraic 
z/0~ 1 (S'nt/') is semialgebraic for every semialgebraic chart (U, U', 0) of X. A map 
from a semialgebraic space X to a semialgebraic space Y is said to be semialgebraic 
if its graph is semialgebraic in X x Y. 

ft is clear that every semialgebraic subset of a semialgebraic space is naturally 
a semialgebraic space. Recall the following famous result of Macintyre [ Maj . 
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Lemma 5.4. Let f : X —>■ Y be a semialgebraic map of semialgebraic spaces. 
Then for each semialgebraic subset S of X, f(S) is a semialgebraic subset ofY. 

It is well-known and easy to see that Lemma 15.41 implies that the composition of 
two semialgebraic maps is semialgebraic, and the inverse image of a semialgebraic 
set under a semialgebraic map is semialgebraic. All semialgebraic spaces form a 
category whose morphisms are semialgebraic maps. 

Definition 5.5. The dimension dim X of a semialgebraic space X is defined to 
be the largest non-negative integer n such that there is a semialgebraic subset of 
X which is isomorphic to a non-empty open semialgebraic subset of F n as a semi¬ 
algebraic space. By convention, the dimension of the empty set is defined to be 
—oo. 

The following proposition asserts that infinite semialgebraic spaces are classified 
by their dimensions. 

Proposition 5.6. [Ql, Theorem 2] Every infinite semialgebraic space X has posi¬ 
tive dimension and is isomorphic to F dim x . 

By a semialgebraic function on a semialgebraic space, we mean a semialgebraic 
map from it to F. 

Definition 5.7. A C -valued function on a semialgebraic space X is said to be 
definable of order <0 if it belongs to the C-algebra generated by the functions of 
the form 

Is, |/|?, 

where so G C, I 5 denotes the characteristic function of a semialgebraic subset S 
of X, and f is a nowhere vanishing semialgebraic function on X. It is said to be 
definable of order < k (k > 1) if it is a linear combination of the functions of the 
form 

(j) • (val O gf) • (val og 2 ) .(val o g k ), 

where <f is a definable function on X of order < 0, and gi, gi, - - ■ ,gk are nowhere 
vanishing semialgebraic functions on X. 

Here | ■ |p denotes the normalized absolute value on F, and val : F x —y 7L denotes 
the normalized valuation on F. 

5.2. Definable measures. Let us review some basic measure theory. Let X be a 
measurable space, that is, it is a set with a a -algebra £ on it, namely, £ is a non¬ 
empty set of subsets of X which is closed under taking countable union and taking 
complement. An element of £ is called a measurable subset of X. A non-negative 
measure on X is defined to be a map v : £ —* [0, 00 ] which is countably additive, 
namely, 

( OO \ OO 

J Si = zz(Si) for all pairwise disjoint elements »Sj, S 2 , A 3 , ■ • • of £. 

i= 1 / i= 1 
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A complex function 0 on X is said to be measurable if for each open subset U of 
C, 0 _1 (D) G £. Write M(X) for the space of all measurable functions on X. We 
say that two elements of M(A) are equal to each other almost everywhere with 
respect to v if they are equal outside a set S G £ with v(S) = 0. 

Definition 5.8. A measure /a on X is a pair (u, f), where v is a non-negative 
measure on X, and f is an element of 

{0 G M(X) j |0| equals 1 almost everywhere with respect to u} 

{0 G M(A) | 0 equals 0 almost everywhere with respect to u} 

Here the denominator is a vector space, and the numerator is a subset of M(X) 
which is stable under translations by the denominator. Therefore the above quotient 
makes sense. 

The non-negative measure v of Definition 15.81 is called the total variation of 
p = (z/,/), and is denoted by \p\. For each measurable function 0 on X, we say 
that the integral f x (fip converges if / Y |0|zz < oc. In this case, the integration 



is a well-defined complex number. For each Y G E, Y is a measurable space with 
the cr-algebra Ey := {S G £ | S C Y}. We define the restriction /i|y of p to Y in 
the obvious way. For each measurable function 0 on A, the multiplication 0// is 
defined to be the measure (|0|i/, A/) on X. 

Note that every semialgebraic space is naturally a measurable space: the cr- 
algebra is generated by all the semialgebraic subsets. 

Definition 5.9. Let X be a semialgebraic space. A measure p on X is said to be 
definable of order < k (k G Nj if there is a family {/* : S t —>■ Aj}j = i )2r .. )r (r EN) 
of isomorphisms of semialgebraic spaces such that 

• Si is a semialgebraic subset ofF ni , for some n, G N (i — 1, 2, • • • , r); 

• {Aj}j =li2l ... , r is a cover of X by its semialgebraic subsets; 

• for each i = 1 , 2 , ■ ■ • , r, the restriction of p to Si via fi has the form (fiPs^ 
where ps t denotes the restriction to Si of a Haar measure of F n % and 0; is 
a definable function on Si of order < k. 

Write R for the ring of integers in F. Fix a uniformizer w G R. For each integer 
k > 1 , put 

OO 

R k '■= |_| ru r (l + zu k R). 

r =0 

Then R fc is a semialgebraic set, since R k = {iG F|x ^ 0, and ac(x) = 1 mod w k } 
(see [Del Lemma 2.1 (4)]), where ac(x) is the annular component of x, i.e. ac(x) = 
xw~ ord ( x \ We say that a semialgebraic function / on (Rfc) n (n G N) is order 
monomial if there are integers d\, d 2 , • • • ,d n and an element /3 G F such that 

\f(xi,x 2 , ■■■ ,x n )| F = I (dx^Xz 2 ■ ■ -x^If for all (x 1 ,x 2 , • • • , x n ) G (R fc ) n . 
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The following theorem of rectilinearization with good Jacobians is proved in 
jCIL , Theorem 7]. 

Proposition 5.10. Let X be a semi-algebraic set in F n (n E N), and let {fj}j=i,-, r 
(r sNj be a family of semialgebraic functions on X. Then there exists a family 

{fa : (R„,r -> F (t e N, hi > 1, Hi E N) 

of injective semialgebraic maps such that 

• { 0 j((RfeJ ni )}*=i, 2,-,4 forms a partition of X; 

• the restriction of fj to (R^)”* through fa is order monomial (j — 1 , 2 ,--- , r, 
i = 1 , 2 , • • • ,t); and 

• for each i = 1 , 2 ,--- ,t, if n { = n, then fa is continuously differentiable and 
their Jacobian is order monomial. 

We say that a measure p on (Rfc) n is simple of order < k if it is a linear combi¬ 
nation of measures of the form 

P(val(xi), val(x 2 ), • • • , val(x n ))u^ Xl \™ X{x2) • • • < al(lri) /i( Rk)n , 

where P is a (complex) polynomial of degree < k, U\,U 2 , ■ ■ • ,u n E C x , and /i(R fc )» 
is the restriction of a Haar measure on F n to (R k ) n - Clearly if a measure /i on 
(Rfc) n is simple of order < k, then /i is definable of order < k. 

Lemma 5.11. Every semialgebraic set of dimension < n in F n has measure 0 with 
respect to a Haar measure on F”. 

Proof. Let S C F n be a non-empty semialgebraic set. Then there is a semialgebraic 
open subset S° of S such that S° is a locally closed and locally analytic submanifold 
of F n , and dim(5' \ S °) < dim S (see [DVj and [ CCL . Section 1.2]). Note that the 
measure of S ' 0 is 0. Therefore the lemma follows by induction on dim S'. 

□ 


Proposition 15.101 and Lemma 15.111 easily imply the following proposition. 

Proposition 5.12. Let X be a semialgebraic space. Let , r (r 6 N) be 

a family of definable measures on X. Let {fj}j=i, 2 ,-,s (s E N) be a family of 
semialgebraic functions on X. Assume that has order < di (i = 1,2,--- ,r, 
di E N). Then there is a family {f k : (R m J nfc ->■ X k } k=1>2 ,...,t (t 6 N, m k > 1, 
n k E Nj of isomorphisms of semialgebraic spaces such that 

• is a partition of X by its semialgebraic subsets; 

• the restriction of /i, to (R mfc ) nfc via f> k is simple of order < di, and the 
restriction of fj to ( R mk ) nk via fa is order monomial, for all k = 1, 2, • • • , t; 
i = i, 2 ,-- - ,r; j = 1,2,--- ,s. 

5.3. Igusa zeta integrals. Write (/f for the cardinality of the residue held R/zuR. 
In this subsection, we prove the following general form of the convergence and 
rationality of Igusa zeta integrals. 
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Theorem 5.13. Let p be a definable measure of order < k (k E N) on a semial- 
gebraic space X. Let f be a nowhere vanishing bounded semialgebraic function on 
X such that 

\p\(Xp € ) < oo for all e > 0, 
where X^ t := {x E X | |/(x)|f > e}. Then the integral 

Z „(/»:= / I/IfM (sec) 

Jx 

converges when the real part of s is sufficiently large. Moreover, there exists a 
meromorphic function 


M(s ) 


_ P(Qf S i Qf) _ 

(1 - aiqf s ) n fil - a 2 qf s ) n2 . (1 - a r qf s ) n ¬ 


on C, where 

• r E N, ai, a 2 , • • • , a r are pairwise distinct non-zero complex numbers; 

• 7ii, n 2 , ■ ■ ■ , n r G {1, 2, ■ ■ • , dimX + k}; 

• P is a two variable polynomial with complex coefficients, 

such that */Z M (/, s) is absolutely convergent for s = so E C, then M(s) is holo- 
morphic at Sq, and Z At (/, s 0 ) = M(s 0 ). 


For each k E N, write AkfiT/ 1 ) (n E N) for the space of all complex functions 
which are linear combinations of the functions of the form 


x x(x)P(x), 

where x is a character of 7L n , and P is a polynomial of degree < k. 

By Proposition 15.121 in order to prove Theorem 15.131 we assume without loss 
of generality that X = (R m ) n (m > 1, n E N), p is simple of order < k, and / is 
order monomial. Then p is the multiple of px with a function 

Oi, x 2 , ■ ■ ■ , x n ) i y 0 (val(xi), val(x 2 ), • • • , val(x„)), 

where px denotes the restriction of the normalized Haar measure p on R n (i.e. 
p(R n ) = 1) to X, and </> E Ak(TT). Since / is non-zero, bounded, and order 
monomial, we have that 

|/(xi,x 2 , • • • ,x n )| F = qp\x d fx 2 2 ■ ■■x d ff | F for all {x 1 ,x 2 , ,x n ) E (R m ) n , 
for some c G Z and d\, d 2 , ■ ■ ■ , d n E N. Then 

Z „(/,*) 

= qf - mn Y, ^ X1 ^ 2 . qf Xn fi(x)qf sdlx Af sd2X2 . qf sdnXn - 

X = (X1,X2,--- ,In)€N” 

Therefore Theorem 15.131 is implied by the following Proposition, which will be 
proved in the next subsection. 
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Proposition 5.14. Let x be a character on 7L n of the form 

(zi, x 2 , ■ - - , x n ) ^ q- dlXl q~ d2X2 . q F dnXn , 

where d±, d 2 , ■ ■ ■ ,d n E N. Let f G AkiTA) (k eN). Assume that 

(17) E \4>(x)\ < oo for all e > 0. 

a:GN n ,|x( a: )l> € 

Then the summation 

z 4x,s) ■■= Y(x)x(x) s (s e C) 

zeN™ 

absolutely converges when the real part of s is sufficiently large. Moreover, there 
exists a meromorphic function 

M (s) =__ 

(1 - aig F s ) n i(l - a 2 q F s ) n2 .(1 - a r q F s ) nr 

on C, where 

• r G N, ai, a 2 , ■ ■ ■ , a r are pairwise distinct non-zero complex numbers; 

• n 1} n 2 , ■ ■ ■ , n r G {0,1, 2, • • • , n + k}; 

• P is a polynomial with complex coefficients, 

such that if Z^(x,s) is absolutely convergent for s = s 0 G C, then M(s ) is holo- 
morphic at s 0 , and Z^y, s 0 ) = M(s 0 ). 

5.4. Proof of Proposition 15.141 Write A(Z n ) := U/*lo «4.fc(^ n )- We view the 
space (7(Z n ) of C-valued functions on Z n as a representation of Z n under transla¬ 
tions: 

(x 0 .<j>)(x) := f(x + x 0 ), x,x 0 G Z n , f G C(JT\ 

Lemma 5.15. The space of TT-finite vectors in (7(Z n ) equals to *4.(Z n ). 

Proof. Let C(Z n )^ be the space of all Z n -hnite vectors. With respect to the action 
of Z n , we can decompose C(fL n )f into the direct sum of generalized eigenspaces, 

c(z n y = 0 c( i n y. 

X 

Here x is taken over all characters of Z n , and C'(Z n ) x consists of functions f such 
that for some N > 0, 

Oh - x(xi))(x 2 ~ xM) ■■■ (x N - x(xn))4 = 0 for all x 1 ,x 2 , ■ ■ ■ ,x N G Z n . 

Then the space x _1 (7(Z n ) x exactly consists of the generalized invariant functions 
on Z n . ft is well-known that the space of generalized invariant functions on Z n 
with respect to the translations action coincide with the space of polynomials on 
Z n . This finishes the proof of the lemma. □ 

Define A°(Z n ) to be the subspace of *4.(Z n ) spanned by functions of the form 

(Xi, X 2 , ■ ■ ■ , X n ) Hh U X fu X 2 2 . K n P(x i, X 2 , ■ ■ ■ , X n ), 
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where ui,u 2 , ■ ■ ■ : u n are non-zero complex numbers of absolute value < 1, and P 
is a polynomial. 

Lemma 5.16. Let x be a character on 7L n of the form 

(xi,x 2 , ■■■ ,x n )^ u Xl u 2 2 .< n , 

where ui,u 2 ,--- , u t are complex numbers of absolute value 1, and u t +i, u t+2 , ■ ■ ■ ,u n 
are complex numbers of absolute value <1 (0 < t < n). Let <f> G A(Z n ). Then 

(18) £ \4>(x)\ < oo for all e > 0 

xgN n ,|x(x)|>e 

if and only if 0 G A°(fL t ) ® A( Z n_t ). 

Proof. It is easy to see that (fTBD holds if and only if 

(19) V |0(x, x')| < oo for all x G N n_ *. 

ccGN* 

Write A for the space of all 0 G A(Z n ) such that for some Xo G Z* and x' 0 G Z n_t , 

(20) ^ |0(x,x')| < oo for all x 1 G x' 0 + 

The space A is a Z n -subrepresentation of A(Z n ) containing ATifEP) ® A{fli n ~ t ). 

Note that every one dimensional Z n -subrepresentation of A is contained in 
A°(fL t )®A{fL n ~ t ). We also note that A 0 { r L t )®A{T7 l ~ t ) is closed under the multipli¬ 
cation by polynomials on Z n . It implies that A C A°{Tf)®A{fL n ~ t ) ) by considering 
the generalized eigenspace decomposition of AiflA) under the action of Z n . Hence 
the space A is exactly identical to .A 0 (Z*) ® ^4(Z n_t ). 

On the other hand, it is obvious that for all 0 G A°(Tf ) ® *4.(Z n_t ), (1201) holds 
for all xq G Z* and x' G G Z n_t , in particular (TT9|) holds. This proves the lemma. 

□ 


The following lemma is easy to check and we omit the details. 

Lemma 5.17. Let u be a non-zero complex number of absolute value < 1. Then 

V = (i-u) k+i for all keN. 

xgN V 7 V ’ 

Now we come to the proof of Proposition ^. 141 Without loss of generality, assume 
that d\, d 2 , ■ ■ ■ d t are all 0, and d t+ 1 , d t + 2 , ■ ■ ■ ,d n are all positive (0 < t < n). By 
Lemma 15.161 the assumption (TT71) implies that 0 G A° (If) ® AiTP^). Lemma 15.161 
also implies that Z^(y, s) is absolutely convergent if and only if 

(21) 0y s G A\7L n ) = A°( 1}) ® A°(Z n ~ t ), 

where \ s denotes the character 

Z n C x , (X!,X 2 , ■ ■ • ,x n ) ^ q ~ sdt+1Xt+1 q ~ sdt+2Xt+2 . q~ sd ^. 
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It is clear that (1211) holds when the real part of s is large. This proves the first as¬ 
sertion of the proposition. Now assume that ([21]) holds. Without loss of generality, 
we further assume that 

.(!:)«”■.af, 

for all x\, X 2 , ■ ■ ■ ,x n E Z n , where a* E C, ki E N (i = 1, 2, • • • , n) and k\ + &2 + 
■ ■ ■ + k n < k. Using Lemma 15.171 it is now easy to see that the summation Z^(x, s) 
has the desired property. 

5.5. Semialgebraic ^-spaces and meromorphic continuations of distribu¬ 
tions. 

Definition 5.18. A semialgebraic (.-space (over F ) is a Hausdorff topological space 
X which is at the same time a semialgebraic space (over F^), with the following 
property: there is a finite family of semialgebraic charts {(C/*, C//, 0®) }i=i,2,---,r- ( r £ 
Nj of X such that 

• for all i = 1,2, • • • ,r, Ui is locally closed in F ni for some rii E N, U[ is open 
in X, and 0* is a homeomorphism; and 

• X = U[ U U' 2 U • • • U U' r . 

It is clear that every semialgebraic Uspace is an Uspace; the product of two 
semialgebraic ^-spaces is still a semialgebraic Uspace; and a locally closed semi¬ 
algebraic subset of a semialgebraic t'-space is a semialgebraic t-space. All semial¬ 
gebraic Uspaces form a category whose morphisms are semialgebraic continuous 
maps. For each algebraic variety X over F, X(F) is obviously a semialgebraic t- 
space. Note that every semialgebraic t'-space is naturally a measurable space, with 
the cr-algebra generated by all the open sets, which coincides with the one gener¬ 
ated by all semialgebraic sets. An element of this cr-algebra is called a Borel subset 
of the semialgebraic Aspace. 

Recall the following Riesz representation theorem. 

Theorem 5.19. Let X be a locally compact Hausdorff topological space which is 
locally secondly countable, namely, every point of X has a neighborhood which is 
secondly countable as a topological space. Then the map 

{locally finite measures on X} {continuous linear functionals on C c (X)}, 

h (0 ^ f x <M) 

is bijective. 

Here C c (X) denotes the space of all compactly supported continuous functions 
on X, with the usual inductive topology. A measure p on X is said to be locally 
finite if 

\p\(K) < oo for every compact subset K of X. 

Recall that every locally finite measure on X is regular, as X is assumed to be 
locally secondly countable (see [Col Proposition 7.2.3]). 
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If A is an Uspace, then «S(A) is a dense subspace of C c (X). Write D(X) := 
Hom(<S(A),C) for the space of distributions on X. By Theorem 15.191 we have an 
embedding 

{locally finite measure on X} D(X). 

Using this embedding, we view every locally finite measure on X as a distribution 
on it. 

Now let X be a semialgebraic Uspace and let / be a continuous semialgebraic 
function on X. Write Xf := {x G X \ f(x) 7 ^ 0}, which is also a semialgebraic 
Uspace. Let g be a locally finite definable measure on Xf of order < k (k G N). 
Let 0 G «S(A’’). Note that 0 is definable of order < 0. Theorem 15.131 implies that 
the integral 

/(</>, s) := / |/|p0/i 

J x f 

defines a meromorphic function on C. Moreover, for each a 0 G C x , Z M j(0, s) is a 
rational function of 1 — ao qp S - Therefore we have the Laurent expansion 

Z m,/(0> s) = z /i,/,ao,i(0)( 1 - ao Qf S Y- 

iG Z 

We are interested in the distribution Z At ,/, ao ,j on X. Note that Z= 0 when 
2 < —(dim A + k). 

5.6. The invariance property of r L ll .f ) a 0 ,i- Let G be an abstract group which 
acts as automorphisms of the semialgebraic t-space X. For every g G G, and every 
distribution 77 on X (or on some G-stable locally closed subset of A), write g*g for 
the push forward of 77 through the action of g. It is clear that for every distribution 
77 on A, 77 G HomG > fc(«S(A), x) if and on ly if 

{(go - x(9o 1 ))(gi ~ xigi 1 )) ■■■(gk- x^ 1 ))) * v = o, 

for all 0 o, 0 i, ■ ■ ■ , 0 k G G. 

Now assume that there is a locally constant homomorphism Xf '■ G —>- Z such 
that 

( 22 ) \f(g-x)\ F = qF f{9) \f(x)\ F , g e G, x e x, 

and there is a character on G such that 

g G Hom G fc /(iS(Ay), Xu), for some k! G N. 

Proposition 5.20. Let a 0 G C. Let 7 0 be an integer so that Z = 0 for all 
i < i 0 . Then 

Hom G)fc / +i _ io (5(A), x^o f ) f or al1 i > *o- 

Proof. For each locally finite definable measure g! on Xf, write Z M /(s) for the 
following distribution on A": 

0 | -» z M 'j(0, s) I |/|p0//. 

J x f 
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For each i G Z, write Z^j for the i-tli coefficients of the Laurent expansion of 
Z At /(s) as a rational function of 1 — a^q^ s . ft is a distribution on X. 

The invariance property of \f\p implies that 

(g - F Xf(9)s ) * z M (s) = g F X/(9) " Z (a _^ (a - 1 ))^, for all geG. 

Comparing the Laurent expansions of the two sides of the above equality, we know 
that 

(9 - x,(g-') a o x,{s> )) * z„,i - a „ _w(9) 

is a linear combination of distributions of the form g’ * Z^,, where %' < % and 
g' G G. Then the proposition follows by induction on k 1 + i — io- □ 

Corollary 5.21. Let y b e a character of G. Then every generalized y-imiananf 
locally finite definable measure on Xfi extends to a generalized y-mvanant distri¬ 
bution on X. 

Proof. Write // for the measure of the proposition. The distribution Z M; / i i )0 on X 
extends /i and is generalized y-invariant. □ 

6. Generalized invariant functions and definable measures 

6.1. Generalized functions on homogeneous spaces. Let G be an G-group 
and let I be a homogeneous space of it. We say that a distribution g on X is 
smooth if for every x G X, there is an open compact subgroup K of G such that 
g\x.x is A'-invariant. Denote by D'fi(X) the space of all smooth distributions on 
X with compact support. A generalized function on X is defined to be a linear 
functional on Ufi{X). The space of all generalized functions on X is denoted by 
C~°°(X). As before, the space of all distributions on X is denoted by D(X). 

The following lemma is elementary and we omit its proof. 

Lemma 6.1. Let g be a smooth distribution on X which has non-zero restriction 
to all non-empty open subset of X. Then the map 

Cr°°(X) ->■ D(X), 

f ^ fg ■■= (</> ^ f(H)) 

is a linear isomorphism. 

Using the following injective linear map, we view every locally constant function 
on X as a generalized function on A": 

C°°(A) ->■ cr°°(x), 

f ^ (g^g(l v f)), 

where C°°(A) is the space of locally constant functions on X , and l n denotes the 
characteristic function of the support of g. 

Lemma 6.2. Let K be an open compact subgroup of G. Then every K-invariant 
generalized function on X is a locally constant function on X. 

Proof. Without loss of generality, assume that G = K. Then in view of Lemma 
16.11 the lemma follows easily by the existence and uniqueness of A'-invariant dis¬ 
tributions on X. □ 


30 



6.2. Characters on algebraic homogeneous spaces. Let G be a linear alge¬ 
braic group over F, with an algebraic subgroup H of it. Denote by N the unipotent 
radical of G. Write G : = G(F), H := H(F) and N : = N(F). 

In this subsection, we prove the following proposition. 

Proposition 6.3. Assume that G is connected. Let x be a character on G which 
is trivial on N and has finite order when restricted to H. Then x has the form 

IM 1 -|« 2 . l«-w, 

where t E N, /3i, f3 2 , ■ - - , fit are algebraic characters on G which are trivial on H, 
si, s 2 , • • • ,s t E C, and Xf Is a finite order character on G. 

The following lemma is obvious. 

Lemma 6.4. Let A be a split algebraic torus over F. Then every character on 
A(F) has the form 

IM 1 ■ l« 2 .1«-Xf, 

where i 6 N, fii, j3 2 , ■ ■ • , fit are algebraic characters on A, sx, s 2 , ■ ■ ■ ,s t E C, and 
Xf is a finite order character on A. 

Generalizing Lemma [6.41 we have the following lemma. 

Lemma 6.5. Let A be a split algebraic torus over F, with an algebraic subgroup S 
of it. Let x be a character on A(F) which has finite order when restricted to S(F). 
Then x has the form 

IM 1 • W . \fit\p ■ xt, 

where t E N, (3i, /3 2 , ■ ■ ■ , fit are algebraic characters on A/S, si,s 2 ,--- ,s t E C, and 
Xf is a finite order character on A(F). 

Proof. Denote by So the identity connected component of S, which is also a split 
algebraic torus. Then there is an algebraic subtorus S' of A such that A = So XpSh 
By Lemma [6.41 y|s'(F) has the form 

IMMW 2 . 

where t E N, fii, fi 2 , ■ ■ ■ , fit are algebraic characters on S', Si, s 2 , ■ ■ ■ ,s t E C, and 
X{ is a finite order character on S'(F). The group A/S is obviously identified with 
a quotient group of S', and there is a positive integer m such that (3™, ft™, • • • , (3™ 
descends to algebraic characters on A/S. Then we have that that 

X — Xlso(F) ® ^|Pi | F • \p 2 If -- \Pt If ■ Xf J ■ 

This proves the lemma. □ 

Lemma 6.6. For each surjective algebraic homomorphism G —y G' of linear alge¬ 
braic groups over F, the image of the induced group homomorphism G(F) —> G'(F) 
has finite index in G'(F). 

Proof. This is a direct consequence of Lemma 14.71 □ 
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Lemma 6.7. Assume that G is connected. Let A be the largest central split torus 
in a Levi component L of G. Let y be a character on G which is trivial on N. Then 
X has finite order if and only if its restriction to A(F) has finite order. 

Proof. The “only if’ part of the lemma is trivial. We prove the “if 5 part. Assume 
that x|a(f) has finite order. Let S denote the simply connected covering of the 
derived subgroup of L, let T denote the maximal anisotropic central torus in L. 
Then by Lemma [6.61 the image of the multiplication map 

(23) p : (S(F) x T(F) x A(F)) x N -+ G = G(F) 

has finite index in G. Therefore it suffices to show that x°T has finite order. This 
holds because S(F) is a perfect group, T(F) is compact, x|a(f) has finite order, and 
X |n is trivial. 

□ 


We are now ready to prove Proposition 16.31 

Proof. Assume that G is connected and let A be as in Lemma 16.71 Let y be as in 
Proposition 16.31 Write G' for the largest quotient of G which is a split algebraic 
torus. Consider the commutative diagram 

A G G' 


S := (<// o ^)- 1 (H / ) -» = H-kercp' -» H' := </?'(H), 

where p denotes the inclusion homomorphism, p' denotes the quotient homomor¬ 
phism, and the vertical arrows are inclusion homomorphisms. As in the proof of 
Lemma [6.71 we know that y has finite order when restricted to (y9 ,_1 (H'))(F). In 
particular, x|s(f) has finite order. By Lemma [6751 there are algebraic characters 
fit, /3 2 , • • • , fit (t e N) on A/S and si, s 2 , • • • , s t G C so that the character 

X|S(F) • (Ifilft ■ |« 2 .| fit®)' 1 , 

on S(F) has hnite order. Since A/S = G'/H' = G/(H • ker p'), we may view 
fii, fi 2 , ■ ■ ■ , fit as algebraic characters on G which are trivial on H. Therefore Propo¬ 
sition 16.31 follows by Lemma 16.71 □ 

Proposition 6.8. Assume that G is connected. Letx' : G —> C be a locally constant 
group homomorphism which is trivial on H. Then y' is a linear combination of 
the characters of the form val o a, where a is an algebraic characters on G which 
are trivial on H. 

Proof. Note that C has no nontrivial hnite subgroup. This implies that x'\n is 
trivial. Then the proposition is proved by the same argument of the proof of 
Proposition 16.31 □ 
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6.3. Generalized invariant functions on algebraic homogeneous spaces. 

We continue with the notation of the last subsection. Put X := G/H. 

This subsection is to prove the following proposition. 

Proposition 6.9. Assume that G is connected. Let x be a character on G which 
is trivial on N. Then every non-zero element 0 /Hom G)fe (ZP°(X), %) (k E Nj is a 
smooth function on X of the form 

P(val o ai, val o a 2 , • • • ,valoa r ) • |/3 i|f • |/? 2 |f.|AIf ' Xf, 

where r, t E N, «i, a 2 , ■ • • ,at r and /A, /? 2 , • • • , fit are algebraic characters on G which 
are trivial on H, si, s 2 , • • • , s t E C, P is a polynomial of degree < k, and Xf is a 
finite order character on G which is trivial on H such that 

x=w ■ w . 

First we have the following lemma. 

Lemma 6.10. Let x be a character on G which is trivial on an open compact 
subgroup K of G. Then every element f E Hom Gifc (TP°(A), x) (k 6 Nj is a K- 
invariant smooth function on X. 

Proof. Lemma [ 2.21 implies that / is K -invariant. Therefore / is a smooth function 
by Lemma 16.21 

□ 


Lemma 6.11. Let x be a character on G. If the space HomG, 00 (TP°(X), x) is 
non-zero, then x\h is trivial. 


Proof. Assume that Hom Gi 00 (P“(W), x) 7 ^ 0. Then Hom G (P“(A"), x) ^ 0. By 
Lemma 16.101 we have a non-zero smooth function / on X such that 


f(g-x) = x(g)f(x), for all g <E G, x E X. 
This implies that x\h is trivial. 


□ 


For each free abelian group A of finite rank, we view the space C( A) of all 
complex functions on A as a representation of A by left translations: 

g-f(x) := f(-g + x), g,x E A, / e (7(A). 

Lemma 6.12. Let A be a free abelian group of finite rank, with a subgroup Ao of 
it. Then every element in C( A) A,fc D (7(A) Ao (k eN) has the form 

P(A i, A 2 , • • • , A r ) 

where reN, Ai, A 2 , • • • , A r are group homomorphisms from A/A 0 to C, and P is 
a polynomial of degree < k. 

Proof. Lemma 15.151 easily implies that 

C(A) A ' k = {polymonial functions on A of degree < k}, (k E N). 

Then it is elementary to see that the lemma holds. □ 
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Lemma 6.13. Assume that G is connected. Then every element f of Hom^ (LF?(X), C) 
(k G NJ is a smooth function on X of the form 

P(val o aq, val o a 2) ■ ■ ■ , val o a r ) 

where r e N, cti,^, ■ ■ • , ay are algebraic characters on G which are trivial on H, 
and P is a polynomial of degree < k. 

Proof. By Lemma [6.101 / is a G°-invariant function on X. We identify it with a 
function on which is [H]- invariant, where [ H ] denotes the image of H under 
the quotient homomorphism G —> A G . Then 

feC(A G ) AG ' k nC(A G ) [H] . 

Therefore the lemma follows by combining Lemma 16.121 and Proposition 16.81 □ 

Now we prove Proposition ^. 91 Let / be a non-zero element of Hom^*.(ZP°(A), x) 

(k E N). We view y as a function on X since x\h is trivial by Lemma [6.Ill Then 

X- 1 -/eHom Gifc (TO,C). 

Therefore Proposition 16.91 follows by combining Lemma 16.131 and Proposition 16.31 
6.4. Nash manifolds and volume forms. 

Definition 6.1. A Nash manifold (over F ) is a locally analytic manifold X over F 
which is at the same time a semialgebraic space (over F ) with the following property: 
there is a finite family of semialgebraic charts {([/,, U(, fa)}i=i,2,-. , r (r E N) of X 
such that 

• for all i — 1, 2, • • • , r, Ui is an open semialgebraic subset in F ni for some 
Hi > 0, U[ is open in X, and fa is a locally analytic diffeomorphism; and 

• X = U[ U U ' 2 U • • • U Ufa 

All Nash manifolds form a category whose morphisms are Nash maps (namely, 
locally analytic semialgebraic maps). Every Nash manifold is clearly a semialge¬ 
braic Pspace. Let X be a Nash manifold. Then the tangent bundle 

T(V) = U T,(X) 

xex 

and the cotangent bundle 

T-(A') = U U(X) 

xex 

are both naturally Nash manifolds. Therefore 

(24) A top T*(X) := |J A dimT:c(x) T*(X) 

xex 

is also a Nash manifold. Consequently, for each m > 1, the line bundle (A top T*(JA)) lg)m 
is also a Nash manifold. By a Nash m- volume form on X, we mean a Nash section 
of the bundle (A top T*(A"))® m over X. Fix a Haar measure juf on F. Attach to a 
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Nash m-volume form co on X , we have a non-negative locally hnite measure |u;|p 
on X as usual: in local coordinate, if 

u = f(x!,x 2 , ■ ■ ■ ,x n )(dxi A dx 2 A • • • A dx n )® m , 

then 

Mf = 1/(^1; ^2, • • • ,^n)|p dyU F (^l) <8 d fJ, F (x 2 ) <g> * * ' dfi F (x n ). 

The following lemma is clear. 

Lemma 6.14. For each Nash m-volume form u on X (m> 1), the measure 
is locally finite and definable of order < 0. 

As usual, write Oy for the structure sheaf of an algebraic variety Y over F. Let X 
be a smooth algebraic variety over F. Let fix := fix/F denote the sheaf of algebraic 
differential forms on X. Similar to (12T|h we define A top fix, which is a locally free 
Ox-module of rank 1. By an algebraic m-volume form on X, we mean a global 
section of the sheaf (A top fix)® m over X. The notion of algebraic 1-vol um e form 
exactly coincides with the usual notion of algebraic volume form. 

Given an algebraic m-volume form w on X, a Nash m-volume form on the Nash 

manifold X(F) is obviously associated to it. We define |cu|p to be the non-negative 
locally hnite measure on X(F) attach to this Nash m-volume form. 

6.5. Generalized invariant distributions on algebraic homogeneous spaces. 

We continue with the notation of Section [6721 and Section 16731 Then X = G/H is 
naturally a Nash manifold since it is a semialgebraic open subset of (G/H)(F). In 
this subsection, we prove the following theorem. 

Theorem 6.15. Assume that G is connected. Let x be a character on G which is 
trivial on N. Then every element ofHom.Qi t (S(X),x) (k eN) is a measure on X 
and is of the form 

P(val o a u val o a 2 , • • • , valo a r ) • l^ilp 1 • \/ 3 2 \f . \Pt\ F ' Xi ■ (Mf " 1 )!*, 

where r, t E N, cti, a 2 , • • • ,a r and fii, /3 2 , ■ ■ ■ , (3 t are algebraic characters on G which 
are trivial on H. si, s 2 , ■ ■ ■ ,s t EC, P is a polynomial of degree < k, Xi a finite 
order character on G which is trivial on H , m > 1, and u is an algebraic m-volume 
form on G/H which is 5-invariant for some algebraic character 6 of G defined over 
F with the property that 

x = I/^lIf 1 ■ I/^If.IAIf ■ xi ■ I^If 1 - 

Here the algebraic m-volume form uj on G/H is 5-invariant means that 
g.ujp = 5(g~ 1 )u! F , for all g £ G(F), 

where a; F denotes the base extension to F of uj. We also say that an algebraic 
m-volume form u is semi-invariant if it is 5-invariant for some algebraic character 
5 of G defined over F. 

For the proof of Theorem 16.151 in the rest of this subsection, we assume that G 
is connected. We start with the following lemma. 
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Lemma 6.16. Let 8 be an algebraic character on H (defined over F ). If the char¬ 
acter |(5| f : H —* C x extends to a character on G, then S m extends to an algebraic 
character on G for some positive integer m. 


Proof. We first assume that H is also connected. Write 'he and Th for the groups 
of algebraic characters of G and H, respectively. They are free abelian groups of 
finite rank. We identify the group of positive characters on G with Tg <S>z M via 
the following isomorphism: 

Tg <S>z K —> {positive characters on G}, 5 ® a t->- |5|p. 

Likewise we identify the group of positive characters on H with Th <S>z Then 
we have a commutative diagram 

Tg -> Tg ®z IR 


Ql 


OL 2 


T h -> T h <2)zIR, 

where an denotes the map of restrictions of algebraic characters, and a 2 denotes 
the map of restrictions of positive characters. 

Now let 5 E Th and assume that |<5 |f extends to a character on G. Then | <51 f 
extends to a positive character on G, that is, it belongs to the image of 0 : 2 - Then 
it is elementary that 

|5|f E «2(^G ®TL Q)- 

Therefore |<5 m |p € o^Tg) for some positive integer m. Then S m E q:i('I / g) and the 
lemma is proved in the case when H is connected. 

Now we drop the assumption that H is connected. Let 5 E Th and assume that 
1 6 |f extends to a character on G as before. We have proved that there exists an 
algebraic character S' on G such that 

5'Iho = (^kr 

for some positive integer m, where H 0 denotes the identity connected component 
of H. Then 

rfd I emd 

0 |h — 0 , 

where d denotes the cardinality of the group (H/Ho)(F), and F denotes an algebraic 
closure of F. This finishes the proof of the Lemma. □ 


Lemma 6.17. Assume that X is x- a dmissible for some character x °n G. Then 
there is an algebraic character 5 of G and a positive integer m such that there is a 
non-zero algebraic m-volume form uj on G/H which is 8-invariant. 

Proof. Let Ag denote the algebraic modular character of G, namely the determi¬ 
nant of the adjoint representation of G on the Lie algebra Lie(G). Likewise let 
Ah denote the algebraic modular character of H. Put Ag/h := which is an 
algebraic character on H. Recall the character Sh\g 011 H from Section 14.11 Note 
that 

(25) Sh\g = |Ag/h|f- 
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Assume that X is ^-admissible for some character x on G. By (1161) . the character 
Sh\g extends to a character on G. Then lemma 16.161 implies that the algebraic 
character A^ H extends to an algebraic character <5 on G, for some positive integer 
m. Then the lemma follows by the algebraic version of Frobenius reciprocity. 

□ 

Now we come to the proof of Theorem 16.151 Let p G Hom Gifc (<S(A"),y). We 
assume that // is non-zero. Then X is ^-admissible. By Lemma 16.171 there is an 
algebraic character 6 on G, a positive integer m, and a non-zero algebraic m- volume 
form oj on G/H which is 5-invariant. By Lemma [6.11 there is a unique generalized 
function / G C~°°(X) such that r/ = f\u\p"‘. Then 

f eKomG, k (D?(X),x\S\F). 

Therefore Theorem 16.151 follows by Proposition 16.91 

6.6. Definability of generalized invariant distributions. First we have the 
following elementary lemma. 

Lemma 6.18. Every finite index subgroup of F x is semialgebraic. Consequently, 
every finite order character on F x is definable of order < 0. 

Proof. Every subgroup of F x of finite index m > 1 contains (F x ) m . Since (F x ) m 
is a semialgebraic subgroup of F x of finite index, the lemma follows. □ 

Recall the following semi-aleebraic selection theorem of |VdDj. See also 
Appendix]. 

Lemma 6.19. Every surjective semialgebraic map of semialgebraic spaces has a 
semialgebraic section. 

We continue with the notation of the last subsection, but drop the assumption 
that G is connected. Generalizing Lemma [6.181 we have the following lemma. 

Lemma 6.20. Every finite order character Xf on G is definable of order < 0. 

Proof. Recall the multiplication map 

y : (S(F) x T(F) x A(F)) x N G = G(F) 

from (1231) . Since the image of ip is a semialgebraic subgroup of G of finite index. 
By Lemma 16.191 it suffices to show that the finite order character Xj := Xf ° T 
is definable of order < 0. This is true because x'f has trivial restriction to S(F) 
and N, (Xf)l"r(F) is a Bruhat-Schwartz function, and by Lemma 16.181 (Xf)lA(F) is 
definable of order <0. □ 

Proposition 6.21. Let x be a character on G which is trivial on N. Then every 
element of Rome,k(<S(X),x) (k £ N) is a definable measure on X of order < k. 

Proof. Without loss of generality, assume that G is connected. Then the proposition 
follows by Theorem 16.151 and Lemma 16.201 □ 
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6.7. Locally finiteness of some algebraic measures. For each algebraic va¬ 
riety X over F, write X sm for the smooth part of X, which is an open subvariety 
of X. Recall that a strong resolution of singularities of X is a smooth algebraic 
variety X (over F) together with a proper birational morphism n : X —y X such 
that 7 r : 7T _1 (X sm ) —y X sm is an isomorphism. The famous theorem of Hironaka says 
that X always has a strong resolution of singularities. 

Recall the following definition. 

Definition 6.22. We say that an algebraic variety X over F has rational singular¬ 
ities if it is normal, and there exists a strong resolution of singularities n : X —y X 
of X such that the higher derived direct images vanish, that is, lZ l n*(Oyf) = 0 for 
all i > 0. Here LPti* denotes the i-th derived functor of the push-forward functor 
of sheaves via ^ r. 

We will use the following property of algebraic varieties with rational singulari¬ 
ties. 

Lemma 6.23. Let X be an algebraic variety over F with rational singularities. Let 
U be a smooth open subvariety of X whose complement has codimension > 2. Let 
7T : X — y X be a strong resolution of singularities. Then for each algebraic volume 
form uj on U, there is an algebraic volume form a) on X so that its restriction to 
7r _1 (U) is identical to uo via the isomorphism n : 7r _1 (U) —* U. 

Proof. See [KKMSl P.50, Proposition] or | ADK . Proposition 1.4], □ 

Given a measurable space X with a measurable subset Y of it, for each measure 
fi on Y, we write /j] x for the measure on X which is obtained from p by the 
extension by zero. 

Proposition 6.24. (ci. [AA1 Lemma 3.4.1]^) Let X be an algebraic variety over F 
with rational singularities. Let U be a smooth open subvariety ofX whose comple¬ 
ment has codimension > 2. Then the measure (|cc;| f) | x ( f ) is locally finite for all 
algebraic volume form w on U. 

Proof. Let n : X —>■ X be a strong resolution of singularities. Let a) be as in Lemma 
16.231 Write 7r(|d>|) for the push-forward of |o)|f through the map 

(26) 7T : X(F) X(F). 

Then the measure 7r(|d>|) is locally finite since is a proper continuous map of 
topological spaces. The proposition then follows by noting that 7r(|o)|) — (|o;|f)! > ' 
is a non-negative measure. □ 

Definition 6.25. We say that an algebraic variety X over F has Gorenstein ratio¬ 
nal singularities if it has rational singularities, and the push forward /Cx of A top f2x sm 
through the inclusion map X sm X is a locally free Ox-module. 

The sheaf /Cx is called the dualizing sheaf of X. If X is smooth, then /Cx — A top fix- 
We have the following examples of Gorentain rational singularities: 
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(1) If X has symplectic singularities, then X has rational Gorenstein singulari¬ 
ties, see (Beal Proposition 1.3]. 

(2) The normalization of nilpotent varieties in semisimple Lie algebras have 
Gorenstein rational singularities, see [Hinj . 

Recall the following standard fact in algebraic geometry. 

Lemma 6.26. Let X be a normal variety and suppose that T is a locally free 
sheaf on X. Let U be an open subvariety of X such that the complement X \ U is of 
codimension > 2. Then the restriction map T(X, IF) —>■ r(U, IF) is an isomorphism. 

Proof. See |IIa 21 Proposition 1.11, Theorem 1.9]. □ 

We say that a quasi-coherent sheaf T on an algebraic variety X is torsion-free 
if for every x G X, the stalk IF X is torsion-free as a module of the local ring Ox, x - 
The following fact is standard. We omit its easy proof. 

Lemma 6.27. Let IF be a torison-free quasi-coherent sheaf on an algebraic variety 
X. Let U be an open subset of X whose complement has codimension > 1. Then 
the restriction map IF(X) —> ^(U) is injective. 

Similar to Lemma 16.231 we have the following proposition. 

Proposition 6.28. Let X be an algebraic variety over F with Gorenstein rational 
singularities. Let U be a smooth open subvariety of X whose complement has codi¬ 
mension > 2. Let 7i : X — y X be a strong resolution of singularities. Then for every 
positive integer m and every algebraic m-volume form uj on U, there is an algebraic 
m-volume form Cj on X so that its restriction to 7r _1 (U) is identical to uj via the 
isomorphism n : 7r -1 (U) ~ U. 

Proof. Let oj be an algebraic m-volume form on U, that is, cu 6 r(U, (A top f2u)® m )- 
We choose an affine open covering {V Q } Qg / of X. Let u> a be the restriction of u> to 
UPiVq, for each a. Since V a is affine, by [Ha, Proposition 5.2(b), Chapter II] we have 
r(V Q , (AG/cJ®” 2 ) — r (\/ a ,lC\/ a )® m . For each a we have the following isomorphisms: 

r(u n v Q , A top fWJ® m ^ r(v Q ,/c v J® m 

- r(v„, (K V J®“) 

~ r(unv„(A*°pnunvJ 0m ), 

where the the first and the last isomorphisms follow from Lemma 16.261 
Therefore u a can be expressed as a finite sum 

72 ck 

0J a 'y ^ 0 <W,i,2 ® ® ^a,i,m iPa F. 0), 

i= 1 

where each is an algebraic volume form on U fl V a . 

By Lemma 16.231 and Lemma 16.271 the pull-back 7r *uj a ^k is uniquely extended to 
an algebraic volume form Cj a ^k on 7 t _ 1 (V q ). Put 


















where 9 a is the natural map 

e a : r(7T- 1 (v a ), A top ^- 1(Va ))® m r(7r” 1 (v a ), (A top ^- 1(Va) )® m ). 

It is clear that Cj a is an extension of n*(uj a ) from 7r _1 (U fl V a ) to 7 t _ 1 (V q ). 

By Lemma 16.271 for all a,fi E I, the two algebraic m -volume forms cu a and Cbp 
coincide on 7r -1 (V a D V^), since they coincide on 7T _1 (V a fl fl U). Hence {u) a } 
can be glued to be an algebraic m- volume form a) on X, and clearly the restriction 
of u) to 7r -1 (U) is identical to u> via the isomorphism n : 7r" 1 (U) ~ U. 

□ 

Similar to Proposition 16.241 we have the following proposition. 

Proposition 6.29. Let X be an algebraic variety over F with Gorenstein ratio¬ 
nal singularities. Let U be a smooth open subvariety of X whose complement has 
codimension > 2. Then the measure (|a;|p //m ) | X ( F ) is locally finite for all algebraic 
m-volume form uj on U (m > 1). 

Proof. The proof is similar to that of Proposition 16.241 □ 

6.8. Locally finiteness of generalized invariant measures. As before, let G 
be a linear algebraic group over F, with unipotent radical N. Put G := G(F) and 
N := N(F). Let y be a character on G which is trivial on N. In this subsection, 
we prove the following theorem. 

Theorem 6.30. Let X be an algebraic variety over F of Gorenstein rational singu¬ 
larity. Let U be a smooth open subvariety ofX whose complement has codimension 
> 2. Assume that U is a homogeneous space of G. Let g be a x-generalized invari¬ 
ant distribution on U(F). Then g is a measure, and r^| x ( F ) is locally finite. 

Lemma 6.31. Theorem 1 6.30 1 holds when G is connected. 

Proof. We are in the setting of Theorem 16.301 and assume that G is connected. 
Theorem 16.301 is trivial when U(F) is empty. So assume that U(F) is non-empty. 
Then we may (and do) assume that U = G/H for some algebraic subgroup H of 
G. Since (G/H)(F) is the disjoint union of finitely many G-open orbits, we assume 
without loss of generality that the distribution g is supported on G/H. Write 

g\ g/h = P(valo ay, valo a 2 , • • • , valoay) • |/?i|p • \/ 3 2 \f . \fit\p ■Xf • (Mp /m )| G /h, 

as in Theorem 16.151 By Lemma 16.261 ai, a 2 , • • • , ay, fii, @ 2 , • • • , fit extend to ele¬ 
ments of 0(X). Therefore 

P(val o ai, val o a 2 , • • ■ , val o ay) • \fii\p 1 ■ \fi 2 \ s F 2 . \fit\ F 

extends to a continuous function on X(F). By Proposition 16.291 (|o;|p //,n )| X(p) is 
locally finite. Therefore the lemma follows. □ 

Denote by Go the identity connected component of G. 

Lemma 6.32. Let U be a homogeneous space of G. Then every connected compo¬ 
nent of U containing an F -point is G ^-stable and homogeneous. 
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Proof. Let Xo G U(F). Let H denote the stabilizer of Xo in G. Then U = G/H. Note 
that G 0 • H is an open algebraic subgroup of G, and (G 0 • H)/H = G 0 /(G 0 fl H) is a 
connected homogeneous space of G 0 . Write 

G/H = (G 0 • H)/H U (G\(G 0 -H))/H, 

and the lemma follows. □ 

Now we come to the proof of Theorem 16.301 in general. Since X is normal, it is 
the disjoint union of its irreducible components, and all the irreducible components 
are open in X. We only need to show that for every irreducible component X' of X, 

(27) i)' := 77 1u'(F) is a measure, and r\ | x ^ is locally finite, 

where U' := X' fl U. This is trivially true if IT(F) is empty. So assume that IT(F) 
is non-empty. Then IT is an irreducible component of U, and hence it is also a 
connected component of U since U is normal. By Lemma [6.321 IT is Go-stable and 
homogeneous. Therefore (12711 holds by Lemma 16.311 

6.9. Proof of Theorem II.51 Now we are in the setting of Theorem 11.51 Let 
p be a ^-generalized invariant distribution on U(F). By Theorem 16.301 p is a 
measure and the measure p| x /T) j s locally finite. Proposition 16.211 implies that the 
measure p'fuT) i s definable of order < k for some k G N. By Corollary 15.211 p| x b F ) 
extends to a ^-generalized invariant distribution on X(F). This finishes the proof 
of Theorem 11.51 

6.10. A variant of Theorem 11.51 We also have the following theorem. 

Theorem 6.33. Let G be a linear algebraic group over F. Let X be an algebraic 
variety over F so that G acts algebraically on it with an open orbit U C X. Assume 
that there is a non-zero semi-invariant algebraic volume form on U, and there is a 
semi-invariant regular function f on X with the following properties: 

• / does not vanish on U, and Xf \ U has codimension >2 in Xf, where Xf 
denotes the complement in X of the zero locus of f; 

• the variety Xf has rational singularities. 

Let x be a character of G(F) which is trivial on N(F), where N denotes the unipotent 
radical of G. Then every generalized x-invariant distribution on U(F) extends to a 
generalized y-OTuanant distribution on X(F). 

The proof of Theorem 16.331 is the same as that of Theorem 11.51 except that we 
should replace Theorem 16.301 by the following theorem. 

Theorem 6.34. LetX be an algebraic variety over F of rational singularities. Let U 
be a smooth open subvariety ofX whose complement has codimension > 2. Assume 
that U is a homogeneous space of G and there exists a non-zero semi-invariant 
algebraic volume form on U. Let 77 be a y-generafced invariant distribution on 
U(F), where y is as in Theorem \6.3A Then p is a measure, and 77 | X< ' F ^ ) is locally 
finite. 

The proof of Theorem 16.341 is also similar to that of Theorem 16.301 except that 
we replace Proposition 16.291 by Proposition 16.241 

41 





































7. Generalized semi-invariant distributions on matrix spaces 


We consider the following action of G := GL m (F) x GL n (F) (m,n > 1) on the 
space M m>n := M mjn (F) of m x n-matrices with coefficients in F: 

( 0 i, 02) • x := g\xgf\ 01 e GL m (F), g 2 G GL n (F), x G M m) „. 

For r = 0,1, • • • , min{m, n}, let O r denote the set of rank r matrices in M m n , 

which is a G-orbit. Put O r := |_ |^ =0 Oi- Then O r is open and dense in O r . Every 

character of G is given by 


( 01 , 02 ) ^ Xi(det( 0 i))y 2 (det( 0 2 )), 


for some characters Xi, X2 of F x . We denote this character of G by the pair (xi, x 2 ). 
Let I r = (a t j) be the matrix in O r such that 


a ij — 



if 1 < i — j < r, 
otherwise . 


The stabilizer group G r of I r in G consists of elements of the form 


f\x y 

\ l_° w \ 


x 0 \ 
z w 2 ) ’ 


where x G GL r (F ),y G M rim _ r (F), z G M n _ rir (F), u»i G GL m _ r .(F), w 2 G GL n _ r (F). 
The algebraic modular character Aq t of G r is given by 

^ (->• det(x) m-n det(wi) -r det(w; 2 ) r . 

By (fT 6 |i and (|25il . for each character x of G, the orbit O r is x-adnrissible if and 
only if 

x\c r = |^g|f • IAgJf 1 = lAcJp 1 . 

Since the stabilizer G r is connected when viewed as an algebraic group, the orbit 
O r is x-admissible if and only if it is weakly x-admissible. 


x y 
0 w x 


x 0 
2 w 2 


Proposition 7.1. Fix a character x = (X 1 W 2 ) of G. Assume that m ? n, then 
the following holds. 

(a) If x = (1,1), then D(M mtn )X°° = D(M mtn )X = C ■ 5 0 , where S 0 is the delta 
distribution supported at 0. 

(b) Ifx = (I ’ If, I ’ If" 1 ), then = D(M m:1l )X = C • where /r Mm , n 

is a Haar measure on M mn . 

(c) Ifx? (1,1), (| • If, I’ IF™), then D(M m , n )X’°° = 0. 

Proof. Note that there is no non-constant semi-invariant regular function on each 
orbit O r . By Theorem 16.151 all generalized invariant distributions on O r are 
X-invariant. 

If x = (1,1), then Oo is the only x-adnrissible orbit, and therefore 

D{ M m , n )*°° = D(M m!n )X = C -S 0 . 
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If x — (Mfj I' If™); then Omin{m,n} is the only x-admissible orbit. Then Theorem 
11.41 implies that 

C • /x Mm>n C P(M m , n ) x C D{M m ^°° 

= D{ O min { mjn })4^ = D( 0 min { m!n })4 = C • hm m ,„- 

If X 7 ^ (1,1), (| • Ip, | • If™); then each orbit O r is not x-admissible. Therefore 
D(Mm,n)-°° = 0 . 

□ 

We now assume that m = n, and we denote by M n the space M n;n . Consider 
the following zeta integral 

f dx 

Z x (0,s)= / (/>(x)x(det(x))|det(x)|j L 

JM n |aeipzp| F 

where det is the determinant function on M n , dx is the Haar measure on M n so 
that the space M n (R) of integral matrices in M n has volume 1, x is a character of 
F x and </> e «S(M n ). By Theorem 15.131 it is a rational function of 1 — qp S . Let 
Z X) j be the i-th coefficient of the Laurent expansion of Z x (as a rational function of 
1 — qf s )- By Proposition 15.201 Z X)i is a generalized (x,X _1 )-invariant distribution. 
It is easy to check that 

(28) (1 - g) ■ Z Xii = Z Xii _!, 

for all g = (gi^gf) G G such that det(fiffi 1 ^) is a uniformizer of R. Here the 
action of G on D(M n Y x,x 1 1°° C Hom c (<S(M n ), (x,X -1 )) is as in the equation (J5]) 
of Section 12.21 

Proposition 7.2. (a) If x — I ' If f or some r — 0,1, • • • , n — 1, then Z x i = 0 for 
all i < —1, and {Z Xi ,}j>_i is a basis of D{ M n )( x,x 1 1°°. 

(b) If x ^ | • Ip f or all r — 0,1,--- , rz — 1, then Z X]i = 0 for all i < 0, and 
(Z x ,i}i>o is a basis of P(M n ) (x ’ x “ 1) ’°°. 

(c) For every character (xi,X 2 ) of G, the space D{ M n )( Xl,X 2 l°° = 0 if x 1 X 2 7 ^ 1- 
Proof. Note that for each i < 0, Z Xji is supported in O n _i, in other words, 

z X)i e d( o n _ 1 yx*- 1 '>'°°. 

It is easy to see {Z Xi , |o„};>o is a basis of D( O n )^ x,x 1°°. In particular, we have an 
exact sequence 

(29) 0 -7 D{ On-i)**’* -1 )’ 00 -7 D( M n )^' 1 l°° -7 P(O n ) (x ’^ 1) ’°° -7 0. 

If X 7 ^ | • If l° r all r — 0,1, • ■ ■ , n — 1 , then any orbit in O n _i is not x-admissible, 
i.e. not weakly x-admissible. By Bernstein-Zelevinsky localization principle, 

D(O n _x)^*" 1 )’ 00 = 0. 

Therefore part (b) of the proposition follows. 

Now assume that x — I ' If ( r = 0; 1;''' ; n ~ !)• Then 

(30) D(O n _i) (x ’ x_1) ’ 00 = D(O r ) ( ' x ’ x ~ 1 ' > ’°° = P(O r ) (x ’ x_1) ’°° = P(O r ) (x ’ x_1) . 
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Here the first equality follows from the localization principle of Bernstein-Zelevinsky, 
the second one is implied by Theorem 11.41 and the last one follows as in the proof 
of Proposition 17.11 In particular, Z Xji is (x, x -1 )-invariant for all i < 0. Then (125]) 
implies that that Z Y ~ = 0 for all % < — 1. On the other hand, the computation ( Iff 
Chapter 10.1]) 


|det(x)| s da; = J 


Qf 


q- F l ~ s 


•> m„(r) i=1 

implies that Z Xj _i ^ 0. Therefore Z x _i is a generator of the one-dimensional space 
(l30j) . Now part (a) of the proposition follows by the exact sequence (|29|) . 

Part (c) of the proposition is an easy consequence of Bernstein-Zelevinsky local¬ 
ization principle, since under which condition every orbit in M n is not y-admissible. 

□ 


In view of (1251) . Proposition 17.21 implies that 

H im D (= 1 

for all character \ of F x . This generalizes the equality ((2]) of Tate’s thesis, and is 

a (well-known) particular case of local theta correspondence. 
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